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Abstract. Let r C B X E be a monotone Lagrangian correpondence, where B and E 
are monotone symplectic manifolds with B closed and E convex at infinity. We obtain 
a sufficient condition for (an idempotent summand of) the wrapped Fukaya category of 
E to be cohomologically finite, split-generated by lifts of Lagrangians from B. The main 
theorem constructs a commutative diagram entwining quilt maps on Hochschild homology 
and on quantum cohomology with the open-closed string maps of B and E. En route, we 
establish the symplectic cohomology module structure of the open-closed string map, and 
the extension of Abouzaid's generation criterion from the exact to the monotone case. A 
sequel to this paper applies these results to negative line bundles over toric Fano varieties, 
and discusses the relation to homological mirror symmetry. 
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1. Introduction 

The wrapped Fukaya category Y\?(E) of a symplectic manifold E with convex contact 
boundary introduced in [181 [7], is of increasing importance in both symplectic topology 
(topology of Stein manifolds 20, 8 , the nearby Lagrangian conjecture [3]) and Homological 
Mirror Symmetry [5j 132] . The wrapped category is a version of the Fukaya category which 
incorporates both closed Lagrangian submanifolds and non-compact Lagrangians modelled 
on a Legendrian cone at infinity, and which therefore takes into account the dynamics of the 
Reeb flow at the contact boundary. Incorporating non-compact Lagrangians typically leads 
to a substantial increase in complexity; the wrapped Floer cohomology of a cotangent fibre is 
isomorphic to the homology of the based loop space [T] , in particular it is of infinite rank. 
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Despite its increasing prominence, there arc surprisingly few cases in which the wrapped 
category has been computed. Essentially complete descriptions arc known for cotangent 
bundles [4] and for punctured spheres [5] , whilst we have partial information for certain Stein 
manifolds (given as Lefschetz fibrations [20] or plumbings [10]), and some general structural 
information concerning the behaviour of the category under Weinstein surgery [12] . This 
paper contributes another general structural property, in the following context. It is natural 
to try to find situations in which the wrapped category can be studied, at least partially, via 
better-understood categories of compact Lagrangian submanifolds. Such situations naturally 
arise in the presence of Lagrangian correspondences (and hence functors of Fukaya categories) 
between closed and convex symplectic manifolds. Our main theorem establishes the basic 
compatibility of the open-closed string maps - which play a central role in studying wrapped 
categories in view of [2] - in this setting. To state a precise Theorem, we introduce some 
notation. 

Consider a monotone symplectic manifold B, a convex monotone symplectic manifold E, 
and a closed monotone Lagrangian correspondence r C B x E. We suppose that T is the total 
space of a fibre bundle over B, that the projection F — >• E is injective and that 7Ti(r) — > tti(E) 
has torsion kernel. Call such F "very good" (we discuss these in 19. 9[) . Recall that there is an 
open-closed string map 

OC B : HH4J"(S)) -> QH*(B) 

from the ordinary Fukaya category of B to (small) quantum cohomology (we work throughout 
with coefficients in the Novikov field A, defined in[ 



Theorem 1.1. For monotone B, monotone convex E and very good T C B x E as above, 
and for 7 S HF*(T,T), there is a commutative diagram 

HR,(T(B)) HH,(W(£)) 



OCf 



OCf 



QH*(B) — q J-L^ SH*{E) 

in which the vertical maps are QH* respectively SH* -module maps. 

Morse-Bott degenerations provide one class of examples to which Theorem 11.11 might be 
applied, cf. Subsection ll0.31 either to give information on the OCe map, or conversely, when 
the OCe map is known, to constrain the behaviour of quilt maps on quantum cohomology, 
which are notoriously hard to compute in general. 

Corollary 1.2. If for some full subcategory B C F{B) the map qr,-y ° OCb hits an SH*(E)- 
invertible element, then the lifts of Lagrangians L € B to E via Y split- generate W(E). In 
particular, the inclusion F(E) — > W(E) is an equivalence on split-closed twisted complexes. 

Remarks 1.3. 

(1) We view (wrapped) Fukaya categories as collections of mutually orthogonal (non- 
interacting) Aoo- subcategories indexed by the eigenvalues of quantum cup product with 
the first Chern class. There are corresponding diagrams on these subcategories. In 
particular, if an idempotent-summand of the unit of SH* (E) lies in the image of the 
map qr.-y o OCb, then the corresponding summand ofW{E) is cohomologically finite. 

(2) The possibility of incorporating the bulk deformation class 7 G HF*(T,T) is essential: 
for the application undertaken in the sequel, where E —> B is the total space of 
a negative line bundle over B, the undeformed composite map qr ° OCb vanishes 
identically often just for degree reasons. Analogously, the diagram allows further 
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deformations (for instance bulk deformations of J-(B) and the corresponding OCb~ 
map), although for simplicity we do not state the results in the more general case. 

Corollary 1.4. In the situation of Corollary for any monotone L C E Legendrian at 
infinity, the wrapped Floer cohomology HW*(L, L) has finite total rank. 

Example 1.5. The line bundle 0(— 1) — > P 1 is also the blow-up of C 2 at the origin, from 
which perspective it admits a Lefschetz fibration with a unique critical point ( the general fibre is 
C and the exceptional curve forms a component of the reducible singular fibre). The Lefschetz 
thimble gives a non-compact Lagrangian conical at infinity, whose wrapped Floer cohomology 
has finite total rank; this can be seen by direct computation, or as an application of Corollary 
[H Compare to [31 Sec.4.4]. 

The proof of Theorem 11.11 and its companion Corollary ll.2[ has three main ingredients. 
The horizontal arrows in the diagram are constructed using the quilt theory of Wchrheim- 
Woodward [36] I37J [38] . Commutativity of the diagram and the hypotheses of the Corollary 
show that the open-closed map 

HH*(W(£0) -s- SH*(E) 

hits the image of an 5_ff*-invertiblc. The conclusion then requires two further arguments: 
first, the open-closed string maps are S'iP-module maps, hence the OC^ map actually hits 
the unit in SH*(E); and second, the OC^ map hitting the unit implies split-generation. 
(The SH* -module structure was observed independently by Ganatra [19], and the underlying 
QH*-modvle structure is used in forthcoming work [6] on generation in the closed case.) 

The last of the three ingredients above is Abouzaid's Generation Criterion [2]. Unfor- 
tunately, [2] used a model of the wrapped category which relies on the global existence of 
the Liouville flow, which does not hold in the general convex (rather than exact symplectic) 
situation. For instance, for negative line bundles E — > B, the Liouville flow does not extend 
across the zero-section. The original construction of the wrapped category in [Jj used a "tele- 
scope" (homotopy direct limit) construction to define wrapped Floer cohomology, which is 
more flexible, and so en route to Theorem 11.61 we establish the generation criterion in the 
telescope model (this is a fairly substantial undertaking). Since this result should have other 
applications, we state it separately: 

Theorem 1.6. Let E be a monotone symplectic manifold with convex contact boundary. If 
for some full subcategory C C W(E) the open-closed string map 

OC E : HH*(C) -> SH*(E) 

hits an invertible element (e.g. the unit), then C split- generates the wrapped category of E. 

We should point out that Theorem II .61 does not involve quilts, so at the cost of appealing 
to Kuranishi spaces or polyfolds, the argument we give for generation should hold for general 
convex symplectic manifolds, without any monotonicity assumptions. 

The intended application of Theorem 11.11 which is the subject of [57] , is to monotone 
negative line bundles, generalizing Example 11.51 To set this in context, we should point out 
that in all the situations in which the wrapped Fukaya category has been computed (punc- 
tured spheres, certain plumbings, cotangent bundles), it cither vanishes or is cohomologically 
infinite. By contrast, for negative line bundles, the wrapped category appears to be split- 
generated by closed Lagrangian sub-manifolds; in particular, for these examples, at the level 
of split-closed derived categories, we conjecture the compact and wrapped Fukaya categories 
are actually quasi-equivalent. 
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Conjecture 1.7. Let E — > B be a monotone negative line bundle. If OCb hits an invertible 
element, then W{E) is cohomologically finite. 

The hypothesis that OCb hits an invertible is a version of a "resolution of the diagonal" 
statement for B. Using the cyclicity of the Fukaya category [15], and recent work of Abouzaid- 
Fukaya-Oh-Ohta-Ono [6], it is equivalent to the injectivity of the closed-open string map, 
which is a natural ring map 

CO B : QH*(B) -> EH*(F(B)). 

The condition that OCb hits 1 £ QH*(B) is known to hold in several monotone examples: it 
holds for toric Fano varieties B by [6] , and it holds for products Bi X • • • X B r if it holds for 
the Bi by [9j. There are also non-toric examples, for instance it holds for the Fano varieties 
given by a quadric and a complete intersection of two even-dimensional quadrics }33| . 

Remark 1.8. Monotonicity of the line bundle E is a fairly strong requirement: for simply 
connected B, any such E arises as the line bundle with first Chern class ka, where the first 
Chern class of B is a non-trivial multiple Ka of a primitive class a € H 2 (B;'Z), and where 
the multiple k satisfies 1 < k < K — 1. Typical examples are the bundles O(-k) — > P m for 
1 < k < m, the square root of the canonical bundle for any Spin Fano variety, or appropriate 
bundles over the twistor space of a hyperbolic 2n-manifold with n > 4 [141 Prop. 33] . 

Remark 1.9. Local Calabi-Yau's (total spaces of canonical bundles over Fano varieties) are 
well-known testing grounds for many aspects of mirror symmetry, with rich symplectic topology 
113] . Monotone negative line bundles form another class of "local symplectic manifolds ", 
which - together with the correspondences T from base to total space - arise naturally in 
symplectic birational geometry, cf. |33j . 

Coniecture ll.7l asserts an open-string analogue of a recent result of the first author who 
gave an explicit description of the symplectic cohomology of a general negative line bundle 
E in terms of Gromov-Witten theory on B. The symplectic cohomology is a quotient of 
quantum cohomology, so of finite rank. There is a canonical Lagrangian correspondence T in 
B x E, given by the coisotropic submanifold which is the circle bundle of E of suitable radius, 
and the sequel [27] studies the diagram of Theorem 1 1.1 1 in this special case. For instance, if B 
and E are (monotone) toric, direct computations with the Landau-Ginzburg superpotential 
of E imply that the unique toric fibre with non-trivial Floor cohomology is indeed the image, 
under T, of the corresponding unique monotone toric fibre in B, cf. [27j . 

Any precise categorical statement of the relationship between Floer theory in B and in 
E, however, is necessarily rather involved. Because of monotonicity, the Fukaya categories 
J-(B) and W(E) both split into collections of mutually orthogonal subcategories indexed by 
eigenvalues of the quantum product action of the first Chern class. Consideration of the be- 
haviour of these eigenvalues under composition with a Lagrangian correspondence, cf. Section 
19.101 shows that the image of J-(B) in W(E) under a functor defined by V will account for 
only particular idempotent summands, usually at most one. In the toric examples, whilst 
the monotone Lagrangian tori of interest in B and E arc superficially matched up by the 
correspondence T, if one looks more closely at the local systems with which these tori must 
be equipped for Floor cohomology to be non- vanishing, discrepancies start to appear; we il- 
lustrate the issue in the particular case of 0(— k) —> P m in Section fl 0.2 1 To hope to obtain 
the whole of W(E) one must (at least) incorporate deformations; bulk deformations of B, 
non-trivial background Spin structures, local systems or Maurer-Cartan classes on the cor- 
respondence r, etc. To give space to take account of all these variations, we have postponed 
the discussion of applications to a sequel. 
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2. HOCHSCHILD HOMOLOGY OF Aqo-CATEGORIES 

In this Section we summarize the general algebraic constructions that we need to describe 
the geometric constructions of Section |9] In particular, the reader might like to view the 
somewhat complicated looking Aoo-rclations of this Section simply as a transcription of the 
natural bubbling phenomena shown in the Figures of Section [9j 

Remark 2.1. We restrict ourselves to non- curved A^- categories. Later, we will view Fukaya 
categories as direct sums of uncurved categories indexed by the eigenvalues of quantum product 
by the first Chern class. 

2.1. Grading conventions for Aoo-categories. Recall that an Aoo-category B is: a collec- 
tion of objects Ob(£>); graded vector spaces hom^ATo, X\) for all X n ,Xi £ Ob(B), working 
over a chosen ground field; composition maps 

t i r B :B(X r ,...,X Q )^B(X r ,X ), 

where wc abbreviate 

B(X r , X r ^i, . . . , X ) = hom B {X r ^i,X r ) ® hom B (X r -2, A" r _i) ® ■■■ ® homs(X , Xi) 

for r > 1 (for r = define it to equal the ground field; and we will typically denote generators 
by x r ® ■ ■ • ® x\ or x r ^\ ® ■ ■ ■ ® Xq); and finally the fi B must satisfy the Aoo -relations: 

Vs(Sr ® " ■ ■ ® X R ® H§~ S+1 (X R , . . .,X S ),X S -1, ■ ■ ■ ,X X ) = 

summing over all obvious choices of R, S, and we now explain the sign and the gradings. 

Let |x| be the grading of a morphism in B, and define ||x|| = \x\ — 1 the reduced grading. 
Then grading signs are determined by the convention that the compositions fig are acting 
from the right with degree 1. Abbreviate 

°\=o{xt=Y J \w\v 

l=i 

which is the reduced grading of Xj ® Xj—i ® • • • ® Xi. The second expression emphasizes the 
letter x which is used to denote the variables indexed by i, i + 1, . . . , j. 

2.2. Bimodules. A S-bimodule M. is a collection of graded vector spaces M.(X, Y) for any 
objects X, Y of B, together with multi-linear maps 

ff^ : B(X r , ...,X )® M(X , Y ) ® B(Y , ...,Y,)-> M(X r , Y s ) 
for r, s > 0, and any objects Xi, Yj of B, satisfying the Aoo-relations (Figure [3]): 

= J2(- 1 )*t L M R+Sls ( x r, ■ ■ .,x R+1 ,^- s+1 (x R ,...,xs),xs-i, ■ ■ ■ ,x 1 ,m,y 1 ,. . .,y s )+ 

+ ZX~ l)°/^Vf ^ S ( x r, ■ ■ ■ , Xr+\, ^ S (x R ,...,x u m, yi ,...,y s ) , VS+1, ■ ■ ■ , Vs)+ 

+ Y.(- l Tl l M ~ R+S ( x r, ■■■,xi,m,yx,..., y R -i,^- s+1 (y R ,...,ys), ys+i, ■•■,y a ) 
summing over all obvious choices of R, S, and where the signs are 

o = <r(y)s+i * = a (v)l + de s(«i) + o-{x)f-\ 

Note: generators of the domain of i/h are written x r ® ■ ■ ■ ® x% ® m® y\ ® ■ ■ ■ ® y s , where 
we underline the bimodulc element. 
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Example. M. = B is a B-bimodule, with M(Xo,Yq) = homB{Yo,X(y) — B(Xo,Yq) and 
composition maps = /ig +1+s . 

A morphism of S-bimodulcs / : M. M is a collection of multi-linear maps 

,fl s : B(X r , . . . , X ) ® M(X , Y ) <8> B(Y 0) . . . , Y s ) -> Af(X r , Y s ) 

for r, s > 0, satisfying the Aoo-relations (Figure IT7| : 

= E(- 1 )*/'"~ fl+ ' S ' |s (2V, ■ . .,x fl+ i,MB" s+1 (a;R,...^s),a;s_i, . ..xi,m,y-L, . . .,y s )+ 

+ Y^(~ l ) <> f r ~ R]S ~ S { x r, ■ ■ ■ ,X R+1 , f i I {\ S (x R ,...,x 1 , 1 n,y 1 ,...,ys) , US+1, ■ • • , Vs) + 

+ E(- 1 )°/'' |s_s+jR ( a; r, • • • ,xi,m, yi, . . . , yR-i,^- n+1 (y R ,-,y s ), ys+i, y s )+ 

+ E(- 1 ) <>dOS(/ VA7 i? ' |S ~ S '(a ; r, • ■ • , X R+1 , f R \ s {x R ,...,x 1 ,rn,y u ..., ys ) , y S+1 , ...,y s ) 

summing over the obvious choices of i?, S 1 , and where the signs are as before. 

2.3. Cyclic bar complex and Hochschild homology. Let M. be a S-bimodule. Its cyclic 
bar complex in dimension n > is the vector space 

CC n (B, M) = M(X Ql X n )(g> B(X n , ...,I„), 

A typical generator will be denoted m n <£> x n -\ ® ■ ■ ■ ® xq . We underline the element 
belonging to the bimodule. The grading for CC„(£>) is: 

||m„ <g> x„_i ®---®x \\ = deg(m„) + o^' 1 . 

The bar differential b : CC n (B,M) — > CC n -i(B 7 M) on a generator m„ ® £„_i (g) • • • ® xq is 

E(-1) <T " 'm„ ® x n -i (8) • • • (8) £ r +i <g> /ig _s+1 (:r r , . . . , x s ) <E> x s -i ® ■ ■ ■ ®> xq + 
E(-l) Va4 ~ r (a: s -i, ■ ■ ■ , x ,m n ,x n -i, . . . , x r ) ® x r -i <E> ■ ■ ■ ® x s 

summing over all obvious choices of r, s, where f = o-Q _1 (deg(m n ) + cr™ _1 ) + er^ -1 . 
The Hochschild homology is the resulting homology: 

HH n (B,M) = H n (CC*(B,M);b). 
Example. HH„(S) = H n (CC*(B, £>); b) is the Hochschild homology of B (see above Example). 

2.4. Change of rings. Let $ : B — > £ be an Aoo-functor, meaning a map $ : Ob(£J) — > Ob(£) 
on objects together with a grading-preserving multi-linear map 

$™ : B(X„, . . . ,X ) -> /iom £ ($X , M„) 

for each n > 1 (using reduced gradings), satisfying the A^-relations (Figure IT3|) : 

= E Ai|(* fe " (x n , ■ ■ ■ , x„_ fcs+ i), . . . , $ fcl (a; fcl , . . . , xj)- 

- E(-l) ffrl *"" r+S (^n: ■ • ■ ,X r+1 ,^- S+1 (x r , . . .,X S ),X S -X,. .. Xl ) 

summing over the obvious r, s, and over all partitions &! + ••• + fc« = n and all n. 

Lemma 2.2. yln A^-functor $ : £> — > £ induces a change of rings which turns an £-bimodule 
Af into a B-bimodule J\f. Moreover, there is a tautological chain map 

CC*(B,A0 CC,(£,Af)- 
Proof. For any X, Y E Ob(B), define 

Af(X,Y) =JV($X,$Y). 
We extend the natural map ^ = id : J\f(X, Y) Af($X, $F) to define new //I s : 
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summing over all partitions ki + ■ ■ ■ + k? = r and l\ + • ■ ■ + 1% = s, and all f , s. 
The tautological chain map CC n (B,N) — > CC*{£,N) is given by 

Y. a4° ® ® ■ ■ ■ ® 

summing over all partitions l\ -\ + = n and all n. The fact that this is a chain map is 

a consequence of the Aoo-relations satisfied by $. □ 

2.5. Functorial properties of Hochschild homology. 

Lemma 2.3. A morphism of B-bimodules f : Aii — > M.2 induces a chain map 

CC*(/) : CC*(£, Afi) -s- CC»(£,M 2 )- 

Proof. Define 

CC n (/) : Mi(X ,X n ) <8 B(X n , . . . ,X ) -> CC*(B,M 2 ) 
by sending m n (8 x„_i (8 • ■ ■ CE5 xq to 

^(-l)°/ r l s (a; r _i ® • ■ • (8 Xo ® m„ ® x„_i (8 • • • <8 x n _ s ) <8 x n -s-i (8) • • • ® x r 

where o = {deg{m n ) + cr™" 1 ) + deg(/)cr™ _s ~ 1 . This is a chain map. □ 

Let M. be a 23-bimodule, and A/" an £-bimodule. Lemma 12.21 defines M . 

Corollary 2.4. A map f : M — > A/" of B-bimodules induces natural homomorphisms 

HH*(S, AJ) HH*(£,A0 ->• HH*(£, AO- 

Proof. At the chain level, the first map is CC*(/), determined by Lemma [2~3l and the second 
map is the tautological map of Lemma 12.21 □ 

2.6. Tensor products. This section is needed only in the proof of the generation criterion 
18.31 Let A be an ^loo-category. Suppose C, 1Z are respectively a left and a right .A-module. 
This means to each object X in A we have associated objects C(X),TZ(X) of A, and maps 

l4 ■ AXr, ...,X ) <8 £(X ) C(X r ), ^ : ft(F ) <8 A(Y , ...,Y a )-> TZ(Y S ). 
We now define: a chain complex 72. <E>a A an d an ,4-bimodulc £(8 7?., built so that 

HH*(.A,£(8ft) = H*{1l® A C). 

The chain complex is given by 

n® A C= K(X n )®A(X n ,...,X )®£(X ) 

XiGOb(A) 

graded by the sum of the degrees, using reduced degrees for A, and the differential (of degree 
+1) on a generator r <8 x n <8 ■ ■ ■ <8 x\ <8 \ is defined by 

^(_l)III+<r? _I ^- R +\^ Xn .... XR ) ® xr-1 <8 ••■ ® xi <8 t + 
+ E(- 1 ) III+ ' TlS_1 t ® X„ (8) • • • ® <8 ^- S+1 (x H ,...,xs) (8 XS_i ® • • • <8 Xl ® I + 

+ J2 5 ® ® ■ ■ ■ ® xs+i (g) ^'(zs,...^!,!) . 
summing over the obvious i?, S 1 . The ^4-bimodule is defined by 

(£ (8 F) = £(A) (8 7e(F) 

with composition maps 

f4®n ■■ A ( x r, • • • , -Xo) ® £(*o) (8 7e(F ) (8 ^4(y , £(A r ) (8 ft(F s ) 
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defined on generators by 

and [J^Lji is zero whenever r, s are both non-zero. There is an obvious map from the cyclic 
bar complex for £ <E) 1Z to the chain complex 1Z ®a £ which simply reorders the positions of 
r and [ (with the obvious sign change due to reordering dictated by the gradings). After the 
reordering, the bar differential becomes precisely the differential defined for 7Z <E>a Thus 
HH*(.A,£<g)ft) =H*(TZ <E>a£)- 

2.7. A remark about gradings. For ease of reference, we summarize here all grading con- 
ventions and results arising in the paper, and we do not discuss these further (we refer to 
(29JE1IZ] for a detailed discussion of gradings). On first reading this section should be skipped. 

(1) The Novikov variable t for E has cohomological degree \t\ = 2Xe] 

(2) Unreduced gradings for Lagrangian Flocr cohomology are as in Seidel [29] : 

(3) By convention, QH*(B) = HF*(H B ) has degree 0, 

(4) and so c* : QH*(E) -> SH*(E) has degree 0; 

(5) Products preserve unreduced gradings, units lie in unreduced grading 0; 

(6) We never reduce gradings of module inputs/outputs or of SH*; 

(7) We reduce gradings of morphisms of Aoo-categories, so all [x d have degree +1; 

(8) A : HH*(.F(.E)) ->• HH*(W(£;)) has degree 0; 

(9) CO E : SH*(E) HW*(K,K) has degree (unreduced gradings); 

(10) OC E : HH^W^)) SH*(E) has degree dim c £;; 

(11) OC B : HK*(F(B)) QH*(B) has degree dim c S; 

(12) A^ s : W(L r , . . . , L )® W(Lo 1 LQ <g>W(L' , L' s ) -> W(L r , A', L' s ) has degree dim c ^ 
(the underlined terms are viewed as modules, so their degrees are not reduced); 

(13) H*{qr i7 ) : QH*(B) -> QH*(E) has degree dim c £ - dim c S + k if 7 e HF k (T,T); 

(14) HH t (/r, 7 ) : HH»(J"(B)) HH*(T(E)) also has degree dim c £ - dim c B + k. 

3. The wrapped Fukaya category 

We now define the wrapped Fukaya category W{E) of a monotone symplectic manifold E 
which is conical at infinity. We will mimick the construction of Abouzaid-Seidel [7] which dealt 
with exact E. The construction of Abouzaid [2] for exact E using quadratic Hamiltonians 
is somewhat simpler than [7], but relies heavily on having a globally defined Liouville flow 
(which is used to offset the problem that the Aoo-composition maps increase the slope of the 
Hamiltonian) . This construction cannot be applied to monotone E, because the Liouville flow 
is not globally defined: it is only defined outside of a compact subset of E. 

3.1. Symplectic manifolds conical at infinity. (E,uj) will always denote a (non-compact) 
symplectic manifold which is conical at infinity, which means outside of a bounded domain 
E ln C E there is a symplcctomorphism 

i, : (E\E h \w\E\E^) = (S x [l,oo), d(Ra)). 

where (S,a) is a contact manifold, and R is the coordinate on [l,oo). 

The conical condition implies that outside of E la the symplectic form becomes exact: 
uj = dQ where 8 = ip*(Ra). It also implies that the Liouville vector field Z = ip*(Rdj{) 
(defined by uj(Z, •) = 0) will point strictly outwards along dE m . It also implies that ip is 
induced by the flow of Z for time log ii, so we can write S = dE m , a = 0|s (pull-back). 

We will call E \ E m the conical end of E. 
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By conical structure J we mean an w-compatible almost complex structure on E (so w(-, </■) 
is a J-invariant metric) satisfying the contact type condition J*0 = dR for large R. On E this 
implies JZ = Y where Y is the Reeb vector field for (E, a) defined by a(Y) = 1, da(Y, •) = 0. 

By choosing a or E generically, one ensures that a is sufficiently generic so that the periods 
of the closed orbits of Y form a countable closed subset of [0, oo). 

3.2. Monotonicity assumptions, Maslov index. We always assume (E,u) is monotone: 



for some monotonicity constant Xe > in K, where the notation means we are integrating 
the cohomology class over the sphere u. 

A submanifold L C (E,u>) is Lagrangian if dimjsX = dime E and = 0. We will always 
assume that the Lagrangians are monotone, meaning: 



for some constant A^ > 0, where ^ is the Maslov index. 

Recall the Maslov index /j,(u) € Z is associated to any continuous disc u : (B, 9B) (E, L), 
and fi(u) is even for orientable L. The Maslov index only depends on the it^E, L) class of u. 
Moreover "gluing in a sphere" v : S 2 — > E causes n(v#u) = 2ci(TE)([v}) + n(u). This gluing 
relation forces E to be monotone, and the monotonicity constants are related by: 



3.3. The Novikov ring. We will always work over the field 



called the Novikov ring, where K is some chosen ground field, and t is a formal variable. The 
choice of IK will not matter, except in the toric examples at the end of the paper, where we 
will specialize to K = C. 

The Novikov ring is graded by placing t in (real) degree \t\ = 2A#. In all future Floer 
constructions, solutions will be counted with Novikov weights. For example for the Floer dif- 
ferential, the Floer solutions u are counted with weight ±t^ u \ which lies in degree 2A#u;[it] = 
2c\(TE)[u\. We will not discuss the orientation signs ± in this paper (see [2U1 [71 12"5]). 

3.4. The objects Ob(W(E)): the choice of Lagrangians. The objects of W(E) are the 
closed monotone orientable Lagrangian submanifolds of E, together with all non-compact 
monotone orientable Lagrangian submanifolds L C E which arc conical at infinity, by which 
we mean: 

(1) L intersects E transversally; 

(2) the pull-back 9|l = near E and on the conical end. 

The above conditions ensure that £ = L n E is a Lcgcndrian submanifold of the contact 
manifold (E, 0|s), and that L has the form I x [1 — e, oo) C E x [1 — e, oo) near the conical 
end. Conversely, a monotone Lagrangian L C E ln with Q\l = near E can be extended to 
an L of the above form. In fact, any monotone Lagrangian L C E m which intersects E in a 
Legendrian submanifold, can be Hamiltonianly isotoped in E ln relative to dE ln so that Q\l 
will vanish near E. This can be proved as in [Jj Lemma 3.1] (it is a local argument, and the 
Liouville flow is defined near E). 



cx{TE)[u 



Abw[m] for all [u] £ n 2 (E) 




oo 
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Finally, as will be explained in detail in 13.71 and 13. 71 one must in fact restrict Ob(W(E)) 
to Lagrangians having the same mo-value. 

Remark 3.1 (Grading, characteristic). For W(E) to be graded one would require 1c\{E, L) 
i ) g H 2 (E, L; Z). For W(E) to be defined over a field of characteristic ^ 2 one would require 
w%(L) = G H 2 (L; Z/2) and then an L should come with a choice of Pin structure. For these 
details we refer to |29i [71 : we will not discuss gradings or orientation signs for sake of brevity. 

3.5. Reeb chords and Hamiltonian chords. Fix a Hamiltonian H : E — >• [0,oo) which 
on the conical end has the form H(a,R) = R for (cr,R) £ E x [l,oo). Later, in 14.21 (see the 
Convention), we will make a global rcscaling of H, but the reader can ignore this for now. 

Let A be the Hamiltonian vector field: u>(-,X) = dH . The Reeb vector field on E is A|s. 

Fix a countable collection Li £ Ob(W(E)), so they give rise to ti C E. 

A Reeb chord of period w is a trajectory [0, 1] — > E of with ends on £i,£j (for some, 

possibly non-distinct, indices It is an integer Reeb chord if w is an integer. By rescaling 
ui (or by choosing E generically) , there are no integer Reeb chords. 

An integer X-chord of weight w is an orbit [0,1] — > E of wX with ends on Li,Lj for 
integer w > 1. These lie in E ln (otherwise, there would be one in the conical end projecting 
to an integer Reeb chord in E). For a generic choice of H (see [7]), integer A-chords are 
non-degenerate and any point of Li cannot be both an endpoint and a starting point of two 
(possibly non-distinct) integer A-chords. So only finitely many integer A-chords have ends 
on given Li, Lj, and they lie in E ln . 

3.6. The Floer differential £). Given L h Lj £ Ob{W(E)), let CF*(L t , L 3 ;wH) denote the 
free A-module generated by the (finitely many) integer A-chords of weight w with ends on 
Li, Lj. Fix a conical structure J on E (we remark that the contact type condition in 13. li on 
the conical end is equivalent to JZ = A). The chain differential 

: CF*(Li,Li;wH) -> CF* +1 (Li, Lj; wH) 

is defined as follows on a generator y. Let u : R x [0, 1] — >• E be an isolated (modulo R- 
translation) solution of Floer's equation d s u + J(dtu — wX) = 0, satisfying: Lagrangian 
boundary conditions it(-,0) G Li and € Lj\ and asymptotic conditions u — > x,?/ as 

s — > — oo, +oo respectively, where x is an A-chord. Then u contributes ±t"[ u l a; to dy, where 
a; [it] = J u*lu G R. We will always omit discussing orientation signs ±, which is done carefully 
in [7] by replacing each Ax by an orientation line. 

If 2 =0, then the Floer cohomology of Li, Lj using wH is defined as 

HF* {Li , L 3 ; wH) =H*(CF*(L l , L~ ; wH) ; 0) 

Since E is monotone, 2 = precisely when Li,Lj have the same mo-value (which we define 
and explain in 13. 71) . 

3.7. The role of monotonicity. We keep the discussion quite general by supposing that 
we have a 1-dimcnsional family of Flocr-type solutions (such as those arising in the maps we 
just mentioned) and we study the possible bubblings. 

First observe that sphere bubbling is ruled out for dimension reasons, since by monotonicity 
a non-constant holomorphic sphere will increase the index of the family by at least 2. So only 
disc bubbling can arise. 

By disc bubble, we mean a non-constant holomorphic disc u : D — > E, bounding a single 
Lagrangian u(dH>) C L say, with one boundary marked point zq £ D landing at a prescribed 
generic point pl = u(zq) £ L (so zq plays the role of the node when our family breaks). The 
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index of families is additive, so only isolated discs will bubble off in our 1-dimcnsional family 
and so, by monotonicity and a dimension count, the disc must have Maslov index fx(u) = 2. 

Now consider the moduli space M. \ of all such Maslov 2 discs in the class /3 £ tt2 (E, L) 
but do not impose a condition on the value at the marked point. Let ev : A^i(/3) — > L be the 
evaluation at the marked point. Then ev*[A^i(/3)] determines a locally finite cycle in L (it 
is a cycle and not just a chain, because A / li(/3) cannot have boundary degenerations, since 
by monotonicity 2 is the minimal Maslov index of non-constant disc bubbles). For dimension 
reasons this lf-cycle must be a scalar multiple of [L] (viewed as a locally finite cycle since L 
may be non-compact - we explain this in l3.8[) . Then define 

mo(L) =J2t"W ev m [Mi(fi)] = m (L) [L] £ C^ m(L) (L; A), where m (L) £ A. 

When there are no such fj, = 2 discs, then mo(L) = 0, and if this holds for all objects L 
then the Aoo-category is called unobstructed, and no disc bubbling discussion is necessary. In 
the applications we have in mind, we typically expect [l = 2 discs. So we briefly explain why 
in the monotone case, thanks to the machinery of Fukaya-Oh-Ohta-Ono [16] . all bubbling 
contributions will in fact cancel out, so one can ignore all contributions coming from rrto(£). 
In other words, monotonicity allows us to pretend that our j4_oQ-Ccit6 gorics W(E, A) are all 
unobstructed. 

Using monotonicity to deduce that the only non-constant holomorphic discs bounding L 
have Maslov index at least 2, the machinery of Fukaya-Oh-Ohta-Ono [16] then yields a chain 
level model for HF*(L,L) using locally finite chains C*(L) for which HF*(L,L) is a well- 
defined ring in which [L] represents the- unit. We briefly explain this. At the- chain level the 
first Aoo-equation for L is 

A' 1 ° = -H 2 (x,mo(L)) + (-l)l x ^ 2 (m (i),x), 

for x £ C\ l (L). The fact that the right-hand side vanishes relies on the observation that 
these /i 2 terms come from counting discs with three boundary marked points, but for which 
the incidence condition [L] is automatic. So forgetting that unnecessary marked point shows 
that we are sweeping a chain contained inside fJr(x), which has dimension one less than x 
(unless the disc is constant). So only constant discs can contribute, and so it turns out that 
H 2 (x, [L]) = x and /i 2 ([L},x) = (— l^^x, so the above right-hand side becomes a multiple of 
x — x = 0. So /i 1 really is a differential. 

Similarly, feeding a copy of [L] (or a copy of mo(L)) into an entry of any of the higher /x d 
composition maps (using only copies of CF*(L, L)), then again we get zero, and for dimension 
reasons, //([L]) = 0. So [L] is a strict unit for the subcategory generated by L [29l Sec. 2a]. 

These arguments generalize to the case when one considers different Lagrangians: for 
CF*(L,L') one gets fi 1 o fi 1 =0 provided that m (L) = m Q (L'). So HF*(L,L') is only 
defined if ttiq(L) = mo{L'), and similarly the higher order compositions /z n are only defined 
when all the Lagrangians have the same mo value. So the (wrapped) Fukaya category is 
actually a family of Aoo-categorics indexed by the possible too values. 

Since this is central to our treatment, we state it as a Lemma (the observation relating too 
to the eigenvalues of c\ is due to Kontsevich, Seidel and Auroux [TTJ Sec.6]): 

Lemma 3.2. The category W(E) is a family of Aoo-categories W(E, A) indexed by X £ A, 
where W(E, A) is generated by the Lagrangians L with mo(L) = A. Since E is monotone, the 
non-triviality ofW(E,X) implies that A is an eigenvalue of quantum cup product by C\: 

Cl (TE) : QH*(E) -»■ QH*(E). 

The analogous statement holds for the compact category J-'(E) or the Fukaya category T(B) 
of a closed (rather than convex) monotone manifold B. 
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Convention. From now on, we always treat W(E) as a non-curved Aoo-category which 
splits into non-interacting pieces, not as a curved category. So it is always assumed that 
when we consider maps on W(E), we in fact mean some W(E, A) so that all the Lagrangians 
involved have the same mo-value. The same comment pertains to F(B) and J-(E). 

Our discussion shows that the Aoo-equations for the wrapped category naturally involve 
also terms containing mo's, but that these terms in fact cancel out (since we assume that all 
Lagrangians involved have the same mo-value). This implies that also, for instance, the bar 
differential for CC*(W(E)) will have terms involving mo's, and that these cancel. 

3.8. The construction of mo- Finally we make some technical remarks about why mo is 
defined in the non-compact setup (the machinery of Fukaya-Oh-Ohta-Ono [16] constructs mo 
in the closed monotone setup). We begin with an observation: 

Lemma 3.3. Let E be conical at infinity. Let L C E be any Lagrangian submanifold conical 
at infinity {3.4\j - Then all pseudo-holomorphic discs u : (D, <9B) — > (E,L) have u(dH) lying 
either in E m or in a contact hyper surface £ x {R} of the conical end. 

Proof. For general reasons of convexity Sec. 7c], which essentially reduce to Green's formula, 
any pseudo-holomorphic map v : S —> E defined on a Riemann surface S (which can have 
corners) with v(S) C S x [R, oo) landing in the conical end of E, with v(dS) C lU(Sx {R}), 
must in fact lie entirely in £ x {R}. This maximum principle uses the fact that £ x {R} is a 
contact hypersurface in E on which the Liouville flow is outward-pointing. The claim follows 
immediately by taking v to be the restriction of u to u _1 (S x [i?, oo)) (for generic R so that 
S x {R} intersects the image of u transversely). □ 

By the Lemma, given a point pl of L, all holomorphic discs bounding L satisfying pl G 
u(dU>) must lie entirely in a compact region of E determined by p^. Thus all the constructions 
relating to the moduli space of holomorphic discs and in particular the construction of mo(L) 
reduce to the constructions in the closed case, provided we replace cycles/chains by locally 
finite cycles and locally finite chains. For example, suppose L,E are monotone. Then, using 
the analysis |16| known for the closed setup, mo is, up to a scalar multiple, a sum of chains 
which on each compact C C E is building the fundamental cycle for the pair (Cfl L, dCOL). 
Exhausting E by a sequence of larger and larger compacts C proves that mo(L) is, up to a 
scalar multiple, an infinite sum of chains which is precisely the locally finite cycle [L]. 

3.9. The homotopy M.. Denote A the Floor continuation map 

&:CF" f {L t ,L J ;wH) -> CF* (L u L 3 ; (w + l)H) 

determined by a monotone homotopy from (w + 1)H to wH. This involves counting isolated 
solutions similar to those in the definition of 5, except now J, H depend on the domain 
coordinate s and there is no R-reparametrization. Section 13.111 describes the auxiliary data 
carefully (for ^ one uses: d = 1, F = {1}, Wq = w + 1, w\ = w). 

The maps ^ are the chain maps which at the level of cohomology are used to define the 
cohomology direct limit as w — > oo: 

HW* (Li, Lj) = lim HF* (Li, Lj\ wH) 

3.10. The telescope construction of the wrapped Floer complex. Because the A^- 
operations act on the chain level and require changing the slope w of wH, the wrapped Floer 
complex has to be built as a homotopy direct limit, in other words by a telescope construction 
(rather than taking the direct limit at the level of cohomology). Following Sec.3g, Sec. 5a], 
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Definition 3.4. The wrapped complex is 



CW*{L h L 3 ) = @CF*(L i ,L j ;wH)[c L } 



w — l 



where q is a formal variable of degree — 1 satisfying q 2 = 0. This is a module over the exterior 
algebra C[<9 q ], where the differentiation operator 9 q has degree +1. The chain differential is 
chosen to respect this module structure: 



pL X (x + qy) = (— + (— l)' y '(qc)y + Ay — y) [using unreduced degrees) 



Observe that for a 0-cocycle y, the role of qy is to identify y and &y at the cohomology 
level, as expected in the cohomology direct limit; whereas the role of the subcomplex (<9 q = 0) 
is to yield representatives of (BHF*(L i} Lj-,wH). Indeed, recall Sec.3g] the following about 



L b 



) b -J a CF*(L h Lj ; wH) [q] © CF*{L U L f ,bH): 
(1) H*(CW*(L i ,Lj);fi 1 ) = \iu^H*(Cl); 



(2) Cj^ is identifiable with CF*(Li,Lj; bH) (change signs in the differential); 

(3) is quasi-isomorphic to CW*(Li,Lj); 

(4) C£ C Cfc -1 is a quasi-isomorphism for a < b, hence so is C\ C C\\ 

(5) C\ C C\ is a quasi-isomorphism; 

(6) 8. : Cl — > C%t\ and Cl C C^J +1 commute via ([S]), up to chain homotopy; 

(7) H*(CW*(L t , Lj); fi 1 ) = HW*(L t , Lj) canonically; 

(HJ) is because Cl is an exhausting increasing filtration of CW*{L il Lj). The C^, C£ are 
decreasing nitrations for CW*(L i} Lj), Cl respectively; so ©-((I]) follow: successive quotients 
are cones on the identity, so acyclic. Combining yields (0. 



3.11. The auxiliary data. By [7], there is a universal family TZ d+1 - p 
moduli space of stable discs, with elements (S, F, p, <fi) where (Figure [TJ: 



n d+i 

over the 




Figure 1. Left: S = pair-of-pants surface, d = 2, F = {1, 2}, pi = 1, p 2 = 2. 
Middle: d = 4, F = {7, 8, 9}, p 7 = p 8 = 1, P9 = 4. Right: the dotted line is 
a cut, which defines a possible breaking. 



(1) F is a finite set of indices / (with d > 1, d + \F\ > 2); 

(2) A map p : F — > {1, . . . , d} defining labels p/ (possibly not distinct); 

(3) (Disc with d + 1 ends). S is a Riemann surface isomorphic to D with d + 1 distinct 
boundary punctures z , z 1; . . . , (of which z is distinguished, and the others are 
ordered according to the orientation of dS); 

(4) (Strip-like parametrizations) . <fi = (</>/) feF arc holomorphic <fif : S — > Z extending to 
smooth isomorphisms on the compactifications S — > Z, with <fif(zo) = — oo, 4>f(z p .) 

■ x. (where Z is the cylinder Rx [0, 1] viewed as a disc with 2 ends). This is the same as 
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a choice of a preferred point on the hyperbolic geodesic joining z$, z p . (corresponding 
via 0/ to the point (0, |) and to the geodesic (t = |) C Z); 

We will omit the discussion of finite symmetries [7j Sec. 2c, 2f, Lemma 3.7], but we mention 
that all auxiliary data constructions arc done so as to preserve the symmetries which exchange 
preferred points lying on the same geodesic. 

The above family is compactified by boundary strata described by the natural bubbling 
configurations one expects when a subset of the preferred points of @ converges towards a 
boundary puncture [71 Fig. 2, Fig. 3]. We omit discussing gluing [7J Sec. 2d], but we mention 
one important technical aspect: 

Remark 1. One actually allows the geodesies in to be deformed (except near the ends). 
We explain why in an example. Suppose we want to glue the first two discs in Figure [7] at 
one puncture. Call the discs S~,S + and we want to glue z\ <G S~ with zq <G S + . Gluing 
gives a 6-punctured disc with a geodesic and 2 curves which are not geodesies (they overlap 
along a common curve carrying the preferred point 4>\) but they can be deformed into two 
geodesies. The "glued" F is F = F~ U F + = {1,2,7,8,9}. There are four choices for the 
"glued" p: z pi can be any of the z\, 22,23, 24 coming from S + , and in the cases 22 and 23 we 
would need to draw a new geodesic before gluing, so that we obtain glued data as in ^ ( up to 
deforming). Now observe the third disc in Figure^ The dotted line is a "cut": we consider 
a 1 -parameter family of such discs in which the auxiliary data contained on one side of the 
cut converges towards a common boundary puncture. In the limit, the disc breaks into two, 
namely S~ glued with S + with "glued" p determined by p(l) = 3, and the new geodesic we 
draw on S + is remembering that <p\ came from the geodesic joining zq to 23 before breaking. 

Now assign further auxiliary data: 

(1) (Weight), w = (wq, . . . , Wd) are positive integers with wq = J2k>i w k + 1-^1 > 

(2) (Strip-like ends). Holomorphic cmbeddings : Z + — > S, for k — 1, . . . , d, of Z + = 
[0,oo) x [0, 1] C Z mapping the boundaries t = 0, 1 to dS and converging to z^ as 
s — > +00. Similarly eo : Z- — >■ S for the negative strip Z- = (—00, 0] x [0, 1]; 

(3) ( Closed 1-forms). Closed 1-forms c*k on 5* for k = 1, . . . , d pulling back to: on dS; 
dt via £fc, e on (\s\ S> 0) C Z±; via the other ej on (s » 0) C Z + . 

(4) (Subclosed 1-forms). 1-forms /?/ on S with d/3f < (for the complex orientation of 
S), d/3f = near dS, and such that f3f pulls back to: on dS; dt via eo on s <C 0; 
via the other ek on s>0. In practice, one always chooses /?/ so that d/3f = except 
on a small neighbourhood of the preferred point (f>f. 

The above data determines 7 = J2k>i w kCtk + J2feF fifi a 1-form on S with dj < 0, d'y = 
near dS. Also 7 pulls-back to: on dS; Wjdt via Cj on (|s| 0) C Z±. Observe that this is 
consistent with Stokes's theorem, < — J d-f = wq — J2k>i w k = 1-^1- 

The choices of a, (3 can be made to vary smoothly over the moduli space [7J Sec.2e,2f] 
consistently with the boundary strata, by an inductive argument. We make one important 
technical remark about gluing: 

Remark 2. When gluing a disc S~ at z^ with a disc S + at Zq , we require the weights to 
agree: = w^. The a forms glue naturally. As for the (3 forms: they are indexed by F, 
not p(F), so define /3*+ = on S~ and (if- = on S + , then the (3's glue in a natural way 
to yield (3f's on the gluing indexed by f £ F = F~ U F + . 

The last piece of auxiliary data is the almost complex structure: 

(1) (Almost complex structures). A family (I z ) ze s of conical structures which pull-back 
via Cj on \s\ 3> to almost complex structures 7™ depending only on t (which are 
chosen before-hand for each integer w). This choice can be made smoothly over the 
moduli space, and compatibly with gluing; 
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(2) (Infinitesimal deformations). Certain deformation data K for / [7J Sec. 3b]; 

(3) (Regular almost complex structures) The /, K give rise to a family of perturbed almost 
complex structures J = I cxp(—IK), agreeing with I asymptotically, and which vary 
smoothly over the moduli space. 

3.12. Moduli space of pseudo-holomorphic maps. Let Xk be X-chords of weight Wk 
with ends on (L>o,L d ), (Lo,Li), {L\,L2), (Ld-i, Ld), respectively for k = 0, . . . , d, and 
where L { e Ob(W{E)). Denote by TZ d+1 ^(x) the moduli space of solutions u : S — > E of 

(du - X <g> 7) ' 1 = \ [{du - X ® 7) + J o (du - X <g> 7) o j] = 

with Lagrangian boundary conditions u(diS) C Li where diS is the component of dS between 
Zi and Zi+i; and asymptotic conditions uoek — > Xk as |s| — > 00. For a generic choice of K the 
7£ +1 ' p (x) are smooth manifolds of the expected dimension [7j Thm 3.5]. 

In the exact setup of [7J, there is a natural compactification of 7?. d+1 ' p (x) modeled on the 
compactification of TZ d+1 ' p [7J Sec.3e.]. The compactness relied on two ingredients: (1) a 
maximum principle forcing solutions to lie in E ln [7j Sec.7d]; (2) an a priori energy estimate: 

E(u) = / \\\du - X ® 7|| 2 = j u*uj - u*dH A 7 < / u*lj - d(u*H A 7) = E top (u) 
Js Js J s 

using H > 0, c?7 < 0, and by Stokes's theorem the topological energy E top is bounded (in the 
exact setup) in terms of the asymptotics x using action functionals [7J Sec. 7b]. 

In our non-exact setup, (1) still holds since the argument only relied on exactness of uj on 
the conical end. We no longer have an a priori estimate for Et op since the action functionals 
are multi- valued. However, since we will count solutions with weight £ Et °p(") (notice this 
is a homotopy invariant of u relative to the ends), we only need to ensure compactness of 
TZ d+1,p (x;C) C 7^. d+1:P (x) which is the union of the components which have E top < C. But 
this now follows as in the exact case (2) since we artificially imposed an a priori bound on 
E(u) via E(u) < E top (u) < C. 

Remark. Observe that, because we work over the Novikov ring, we are not using the mono- 
tonicity assumptions here to obtain an energy-index relation which in turn would give a priori 
bounds on E(u) in terms of the index (unlike [37j . who use this approach since they are working 
over 7L). We only use the monotonicity assumptions in \3. 7| and in 1 9. 9\ to control rrto- 

3.13. The wrapped ^loo-structure. We now define, for d > 2, the maps /z d ' p ' w : 

CF* (Ld-i, L d - w d H) [q] ® • ■ ■ <g> CF* (L , L x ; wiH) [q] -> CF* (L , L d ; w H) [q] 

First we determine the q° coefficient of the image. An isolated u £ TZ d+1 ' p (xo,xi, . . . ,x d ) 
will contribute ±t Et ^ < - u) x to /j, d ' p ' w (q id Xd (8 • • • (8 q* 1 ^) where i k = 1 for k g p(F), i k = 
for k ^ p(F), and it will contribute otherwise (for orientation signs, see [71 Sec.3h]). The 
reason for the mysterious- looking conditions on p(F) is that when i k = \ the formal variable 
q 1 plays the algebraic role of remembering that there is a preferred point on the geodesic in S 
connecting zq, Zk- For symmetry reasons [71 Lemma 3.7], there is a cancellation of the counts 
of pseudo-holomorphic maps involving auxiliary data where more than one preferred point 
lies on a geodesic, so we only need to keep track of whether there is or there isn't a preferred 
point on each geodesic (encoded by q 1 , q°). Encoding this information in the algebra is 
necessary, so that the breaking analysis for the family 1Z " +1 >p — > TZ d+1 will indeed yield the 
-Aoo-equations for the \x d that we define below (see Remarks 3 and 4 below, or see [II (3.29)]). 
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The q 1 coefficient of the image is determined by the requirement that the map ^x d 'P' w 
respects the 9 q operator as follows, for d > 2: 

d 

dqfi d - p ^(c d <g> • • ■ <8> ci) = £(-l)'W2+i^P' w (ca 8> • • • ® 9 qC fc ® ' ' ' ® ci), 

fc=i 

where er(-) is defined in l2.ll Observe that this equation determines all possible /i d ' p, ' w (q ld Xd® 
■ ■ ■ (£> q ll a;i) inductively on the value id + • ■ ■ + h (for an example, see Ex. 3. 14]). The 
geometrical meaning of <9 q -cquivariance is explained in Remark 3 below. Finally, recall that 
q 2 = 0, so we have determined the image. 

Summing up all ^i d >P> w as p,w vary, we obtain the Aoo-operations for d > 2: 

fi d : CW*{L d -x,L d ) g> • • • ® CW*(£ , £i) -> CW(L , id). 

We conclude with two technical remarks relating to gluing: 

Remark 3. In Remark 1 of \3.11\ we described the gluings of the first two discs S~ , S + 
in Figure{l\for four choices of "glued" data p. Let us pretend fa is not present (otherwise 
S + will give cancelling contributions due to the symmetry which swaps fa, fa). The discs 
S~ , S + define two operators ip~ ,ip + , whose q° '-output is non-zero only if we input terms of 
the form (qj/2i Qyi), {<\xa, ^3, x 2 , q^i) respectively, and the q° ] -outputs say Xq,Xq are then 
a count of isolated solutions for the relevant data. The ip~,ip + are in fact contributions to 
/j, 2 ,/i 4 . Gluing means composing operators, but S~ requests a q 1 -input at the gluing punc- 
ture (namely qyi). The q 1 -output of ip + is determined by dq-equivariance: for example 
c/? + (qx4, qx3, Xi, <\X\) = iqx^ (ignore signs for simplicity). So in the composition, we take 
qj/l = ±ip + (qx4, qX3, X2, qxi) ± ¥> + (q£4, X3, q^2, q^i)-' those correspond to two of the four 
gluing choices (the other two involve q 2 = 0). For example, ip + (qxi, qx3, X2, qxi) corresponds 
to the choice p(l) = 3, and it arises from the breaking of Figure^ (Right). In particular, at 
the level of composing operators, each term of the composition corresponds to precisely one 
type of breaking: so the ambiguity of the gluing choice in the auxiliary data disappears. This 
is crucial since distinct operator composites should correspond to distinct types of breakings. 

Remark 4- We now explain the A^- equations for the [i d in an example. We ignore signs, 



Figure 2. (i 1 fi 2 (qx 2 ,xi) + (-l) l|:ri|l ^ 2 (//qa;2, xi) + /i 2 (qx 2 , ^2:1) = 0. 

so we work modulo 2. Recall fjr(x) = dx and fj, (qx) = (9 q +^9 q )(qa;) + (q()3q)(qa;). Consider 
the Aoo- equation [i 1 o [i 2 + ji 2 (^t 1 ,■)+ /i 2 (-, H 1 ) = 0. Evaluate this equation on (qi'2,a;i). First, 
the q 1 -coefficient is: d[i 2 (x2,xi) + [i 2 (dx2,xi) + /i 2 (x,()xi), which is the usual A^-equation 
without q's coming from the 3 possible cuts of a i-punctured discs with no geodesies (in fact 
there are also mo terms, corresponding to cuts which don't have any puncture on one side of the 
cut, but these cancel - see \3. 7| ). Secondly, the q° -coefficient: this has 7 terms of which two can- 
cel, leaving Q/j, 2 (qx 2 , x{) +^ 2 (x 2 , x±) + ^i 2 ((Hd cl )qx2, Xx) + /i 2 ((q0<9 q )qx 2 , x{) +^ 2 (qx 2 , tai). 
These are the breakings coming from the cuts shown in Figured In general, Kdq corresponds 
to the disc with 2 punctures, 1 geodesic, 1 preferred point; q09 q arises as an incoming disc 
with 2 punctures, 1 geodesic, no preferred point (i.e. the t) disc with a new geodesic drawn). 
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4. Symplectic cohomology 

4.1. Hamiltonian Floer cohomology. We refer to Salamon [28] for a precise definition of 
the Floer cohomology HF*(H B ) for a Hamiltonian H B : B — >• M defined on a closed monotone 
symplectic manifold {B,ujb)- In particular |28[ Lecture 3] discusses the role of monotonicity. 
We recall that at the chain level, CF*(H B ) is generated, over the Novikov ring A, by all 1- 
periodic Hamiltonian orbits of H B . The differential D : CF*{H B ) -> CF* +1 (H B ) is defined 
as follows on generators: there is a contribution ±t UB ^X- to Z>(x+) for each isolated (up to 
R-reparamctrization) map u : M x S 1 — > B solving Floor's equation 

d s u + J B (d t u- X h b) = 0, 

with asymptotic conditions u(s,t) — > x±(t) as s — > ±oo, where J B is a fixed almost complex 
structure on B compatible with u>b- Up to isomorphism, the HF*{H B ) do not depend on 
the choice of H B , J B . Indeed, a homotopy H B , J B which is constant for \s\ ^> 0, induces a 
continuation map HF*(H B oc , J+oc) ~> HF*(H B 00 ^J B 00 ) by counting solutions u of Floer's 
equation above where now jf , Hf depend on the coordinate set (and we no longer have an 
R-rcparametrization action). This continuation map is always an isomorphism (the inverse 
is defined using the "reversed homotopy" H B S , J B S ). When H B is C 2 -small and Morse, and 
H B , J B are time- independent, then CF*{H B ) reduces to the Morse complex for H B , in 
particular all 1-periodic Hamiltonian orbits are constant, and so by invariance we have an 
isomorphism 

QH*(B) = HF*(H B ), 

which by PSS |23j (see I4.4[) intertwines the quantum product and the pair-of-pants product. 

4.2. Symplectic cohomology. For symplectic manifolds E conical at infinity (see 13. 1|) 
HF*(H E ) heavily depends on the choice of H E : E — >• M because the larger H E is on 
the conical end the likelier it is that there are many 1-periodic Hamiltonian orbits there. The 
continuation maps are no longer isomorphisms, because they can no longer be reversed: only 
certain homotopies Hf with d s Hf < are guaranteed to be well-defined. So to construct an 
invariant one needs to choose a class of Hamiltonians which grow in a controlled way at infin- 
ity. We consider H E which at infinity are linear of positive slope in the radial coordinate R 
(see 13. 1[) . One then takes a direct limit over the continuation maps which increase the slope 
of H E at infinity: HF*(H E ) -> HF*(H E ) where d s Hf < 0. This defines the symplectic 
cohomology 

SH*(E) = lw^HF*(H E ). 

The symplectic cohomology in the non-exact setup was first constructed by Rittcr |24| . and 
was discussed further in [26] . The reader might like to consider first the original construction 
in the exact setup, due to Viterbo [35], which is surveyed by Scidel [30] and whose algebraic 
structures such as the pair-of-pants product are constructed in Ritter [25] , 

When H E is C 2 -small on E ln , Morse, time- independent, and of small enough slope on the 
conical end, the chain complex CF*(H E ) reduces to the Morse complex for E, and since 
this is part of the direct limit construction there is always a canonical map (which can be 
non-injective and can be non-surjective) : 

c* : QH*{E) -> SH*{E). 

Remark 4.1. c* : QH*(E) -> SH*(E) splits into a sum c\ : QH*(E) X -> SH*(E) X indexed 
by the eigenvalues of the quantum product action of C\{TE) on QH*(E). 

In this paper we follow the conventions described in j26j , except we use the simpler Novikov 
ring defined in 13.31 since we will always work in the monotone setting. 
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Warning (Grading). SH*(E) is typically not Z-graded. Indeed, Floer cohomology is 
graded by the Conlcy-Zchnder index, which is a Z/2iV-grading where NI* = ci(TE)(iT2(E)). 

For the purpose of defining the open-closed string map in Scction|6l it is actually convenient 
to view also SH* (E) as a homotopy direct limit (recall I3.10|) . Namely, define 

oo 

SC*(E) = Q)CF*(wH){q\ 

w—l 

with pi 1 defined by the same formula as in Definition 13. 4| where D is now the differential 
defining Hamiltonian Floer cohomology and 8. are the Floer continuation maps CF* (wH) — > 
CF*((w + 1)H) analogous to 1331 

Convention. In 13.51 we chose H to have slope 1 at infinity, but we could have rescaled H 
by a constant e > (once and for all). From now on, we assume H is Morse and C 2 -small 
on E ln (this will also ensure that Lemma I5TT1 holds) . and linear on the conical end with slope 
e > smaller than the minimal Reeb period of the closed Reeb orbits in £. This ensures that 
the only 1-periodic orbits of H lie in E ln and are constant (on the other hand wH typically 
will have non-constant 1-periodic orbits on the conical end for large w). 

Lemma 4.2. SH*{E) S H*(SC*(E); /i 1 ) and the canonical map c* : HF*(H) -> SH*(E) 
arises as the inclusion of the subcomplex CF*(H) — > SC*(E). 

Proof. The first claim follows by the same arguments as in 13.101 the second claim follows by 
definition (and required the rescaling in the Convention). □ 

4.3. Contractible vs Non-contractible orbits. The Floer differential preserves the free 
homotopy class of the orbits, so one can restrict the chain complexes CF*{H B ) and SC*(E) 
to only contractible orbits. Denote their cohomologies by HFq(H b ) and SHq(E). By in- 
variance, and considering small H B as mentioned in 14.11 we deduce HFq(H b ) = HF*(H B ) 
for any H B . Similarly when H E has small slope, such as the H in 14.21 we have HF*{H E ) = 
HF*(H E ), however this may not hold for general H E . Moreover SH*(E) C SH*(E) is a 
subalgebra containing c*{QH*(E)) and the unit 1 = c*(l), and there is a projection map 
SH*{E) -> SH$(E). When m(E) = 1, SH*(E) = SH$(E). 

4.4. The PSS-isomorphisms. There are mutually inverse PSS-isomorphisms [33] 

V> + : QH*(B) -> HFq(H b ) V" : HFq(H b ) -> QH*(B) 

defined by counting spiked planes as follows. Parametrize C* = {z <S C : z ^ 0} by z = 
e -2ir(s+it) f Qr g R x S 1 . Consider solutions u : C* -> B of Floer 's equation 

d s u + J B {d t u~ c{s)X HB ) = 

where c : M — > [0, 1] is a decreasing cut-off function which equals 1 for s < —2 and equals 
for s > — 1. Notice u is J s -holomorphic near the puncture z = 0. 

The energy of u is defined as J c » \d s u\ 2 JB ds A dt. If the energy is finite, then u converges 
to a Hamiltonian orbit of H B as s — > — oo, and u extends J s -holomorphically over z = 0. 

For a generic cycle a € C2dimc-B-*(^) 5 define ?/> + (a) by counting 0-dimensional moduli 
spaces of such finite energy solutions u with u(0) £ a. 

The definition of is similar, except parametrize C* by z = e + 27r ( s + rf ). j n this case, 
solutions u converge to a Hamiltonian orbit as s — > +oo, and u is J B -holomorphic for sCO 
and extends J B -holomorphically over the puncture z = 0. 

In [26], it is proved that there are mutually inverse PSS-isomorphisms also for E, 

QH*(E) -> HF*(H E ) HFq(H e ) -> QH*(E), 
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where H E : E — > K is radial at infinity and converges fast to a constant at infinity (so H E is 
globally bounded). Homotopying H to H E , where H is as in 14.21 defines a continuation map 
HF *(H E ) -> HF*(H) which is an isomorphism and the composite QH*(E) -> HFq(H e ) -> 
HF (H) -> SH*(E) equals the c* ofS21(for details, see [25]). 

5. The (compact) Fukaya category 

5.f . The Fukaya categories B and £. Let be a monotone symplectic manifold conical at 
infinity, and let B be a closed monotone symplectic manifold. Denote their Fukaya categories 
by £ = F(E), B = F(B). Recall that their objects are constructed using only closed monotone 
Lagrangians as objects (compare: Ob(W(E)) includes also non-compact Lagrangians conical 
at infinity). We briefly discuss £ , but much of what we say applies also to B. 

Suppose Lq, . . . , L n are Lagrangians in E (we continue with the convention in l3.7[) . If the Li 
are pair- wise transverse then no Hamiltonians arise in the definition of : £(L n , . . . ,L ) — > 
£(L n , L ): one just counts suitable holomorphic polygons in E. When the Lagrangians don't 
intersect transversely, one only uses C 2 -small compactly supported Hamiltonians to flow the 
Lagrangians so that their intersections become transverse. For example, the ordinary La- 
grangian Floer complexes are related to the wrapped versions via 

CF* {Li , Li ; H) = CF* (^ (L t ) , L J ) 

where ip\j is the time I flow of Xh, and where one must choose suitable almost complex 
structures (for example [25] explains this). When Li,Lj are not transverse, then CF*(Li, Lj) 
is in fact defined as above using a C 2 -small compactly supported H so that f 1 H (Li) 1 Lj are 
transverse (how one sets up the Aoo-category to keep track of the Hamiltonian perturbation 
data is described in detail in Scidel |29j). 

So the construction of £ is dramatically simpler than W(E): one no longer needs most of 
the auxiliary data in 13. Ill 

5.2. The bimodule structure for B. The composition maps for the £>-bimodule B, 

^ s : B(L r , . . . , Lq) ® B(L , L' ) ® B(L' Q , ...,L' S )^ B(L r , L' s ), 
for r, s > and any monotone Lagrangians Li,L'j C B, are defined by counting the 0- 




Figure 3. fj,f : B(L 3 ,L 2 ,L 1 ,L ) ® B(L ,L' ) ® B{L' Q , L{, L' 2 ) -> B(L 3 ,L' 2 ) 
on the left. Right: the bubblings which yield the ^loo-relations for . 

dimensional moduli spaces of maps described in Figured] The domain is a disc D = {z£ 
C : \z\ < 1} with punctures on the boundary: two distinguished fixed boundary punctures 
denoted by dashes at z = ±1 (+1 receives the module input from the [ig S map, and — 1 
receives the output), the small circular dots which lie on the two open arcs of <9B \ {±1} 
denote boundary punctures which are free to move (subject to being distinct and ordered on 
the respective arcs). In particular, = id. The Aoo-equations are a standard consequence 
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of a bubbling analysis argument, by considering what happens when a subset of the free points 
converge together. The types of bubbles that appear are sketched in Figure [3] 

5.3. The open-closed string map OC B : HH»(B) HF*(H B ). Define 

OC n B : B(L , L n ) <g> B(L n , . . . ,L ) -> CF*(H B ) 

by counting maps as on the left in Figure [4] More precisely: the domain is the disc D = 
{zgC:|z|<1}, with one interior puncture and n + 1 boundary punctures of which one is 
distinguished. We fix the parametrization by fixing the distinguished boundary puncture at 
+1 (which will receive the B(Lo,L n ) input of OC B ), and the interior puncture at (which 
will define the output in CF*(H B ) of OC B ). The other n boundary marked points can move 
freely subject to being ordered (they receive the B{L n , . . . , Lo) inputs of OC B ). 

Then OC B counts isolated maps u : D \ {punctures} — > B which are holomorphic away 
from and which satisfy Floer's equation near 0. More precisely, near the puncture z = 0, we 
fix a cylindrical parametrization (— oo,0] x S 1 where the S 1 is parametrized by the argument 
of z. Then we require that u satisfies the Floor continuation equation 

d s u + J(d t u — c(s)X h b) = 

on this cylindrical parametrization, where c : R — > [0, 1] is a decreasing cut-off function which 
equals 1 for s < —2 and equals for s > — 1. 




FIGURE 4. Two equivalent ways of viewing the OCb map. 

On the right in Figure 2] is an equivalent way of viewing the map OC^: the domain is a 
half-infinite cylinder (— oo, 0] x S 1 with n + 1 punctures on the circle {0} x S 1 , one of which is a 
distinguished puncture at (0, 0), and we require the maps to satisfy the above Floer equation. 

The map OCb is a chain map. This can be seen by considering the possible degenerations 
of the 1-dimensional moduli spaces: (1) if marked points on the boundary move together, 
we obtain /Xg or /ig S contributions; and (2) if the Floor trajectory breaks (on the region 
where c(s) = 1), we obtain contributions described by the Floer differential d : CF*{H B ) 
CF* +1 (H B ). Thus we obtain a map on homology: 

OC B : HH«(B) -> HF*(H B ). 

5.4. The bimodule structure for £ and OC E : HH*(£) -> HF*(H E ). The constructions 
for £ are analogous to those for B. In particular, since all Lagrangians considered are closed, 
the maximum principle mentioned in 13.121 ensures that all solutions lie in a compact subset 
determined by the Lagrangians. So the non-compactness of E plays no role (unlike the case 
of yV(E) where Lagrangians can be non-compact). 
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5.5. The acceleration functor A : £ — >• W(E). Denote £ ul the full subcategory of £ gen- 
erated by the L e Ob(£) with L C £; in (see GO}. 

Lemma 5.1. Provided H is C 2 -small on E m , then for any Li,Lj € 0b(£ m ) the complex 
CF*(Li, Lj] H) can be taken as the definition of the morphism space CF*(Li, Lj) of £ . More- 
over, the Floer solutions which define the restriction o/Mvv(B) ^° Ob(£ m ) are in bijection with 
the Floer solutions which define the 

Proof. By the discussion in 15.11 if H was identically zero outside E ln then ip (Li) would 
clearly be isomorphic to Li in £ (the clean way to then prove the first claim, is via Seidel's 
mixed category trick Sec. 10a] - we are really replacing the Fukaya category £ by a quasi- 
equivalent Aoo-category). Now consider changing such an H on the conical end by, say, 
H = ip(R)R where ^(R) is an increasing function equal to near R = 1 and equal to 1 for 
R > 2. Then no new X-chords have appeared on the conical end with ends on Li, Lj £ Ob(£ ln ) 
because the Li , Lj are contained in E ln and the X-flow preserves R on the conical end. 
Moreover, by the maximum principle (1) mentioned in !3.12[ all the pseudo-holomorphic maps 
which define the Mvv(B) °f 13. 131 arc contained in E ln , and so don't notice the change in H, 
and thus coincide with the fj,f defined for £. □ 

Corollary 5.2. There is an Aoc-functor A : £ ln — > W(E). On objects it maps L i— > L, on 
morphisms it is an inclusion of subcomplexes (via Lemma \5.1\) : 

CF*{L t ,L 3 ) -> CF*(Li,Lj;H) C CF* (L,, L r , H)[q\ c CW*(L. l7 Lj). 

This defines an induced map HH*(.A) : HfL(£ in ) ->■ HH^n^E'))- 

Proof. Observe that MyvfE) O*^' ■ ■ • onr y nas contributions coming from yfyy(E) (that is: 
F = 0), and has no q 1 -term. So A is the inclusion of a (non-full) ^^-subcategory, and the 
map on Hochschild homology is the natural induced map. □ 

5.6. The acceleration diagram. Taking H E = H, in Section [6] we will extend OCe ■ 
HH»(£) HF*(H E ) to a map OC E : HH,(W(^)) -> SH*(E), so that the two maps 
coincide on the q°-part of the weight w = 1 summands (recall only q°-terms with w = 1 are 
involved in the image of A). Therefore by Corollary 15.21 and Lemma l4~2l we deduce: 

Theorem 5.3. There is a commutative diagram 

ffiL(£ in ) HH * (-4) > HH.(W(B)) 



OCf 



HF*(H E ) ^ SH*{E) 

6. The open-closed string map on the wrapped Fukaya category 

6.1. The open-closed string map. Recall the construction of SC*(E) in 14.21 We now 
define the analogue ofEJfor W{E) at the chain level: OC^ : CC*(W(JS)) -> SC*(E). We 
first need to define a map 

0C ».P.w . CF*(L n ,L Q ; w n+1 H)[q] ® CF*(L„_i,L n ; w„F)[q] ® • • • 
■■•8CF* (io, Li ; WiH) [q] -> CE* (w Q H) [q] . 

Observe Figure [5] Consider discs 5 as in 13.111 for d + 1 = n + 2, except now z is an 
interior puncture (this will receive the Hamiltonian orbit output coming from SC*(E)). In 
addition, the last boundary puncture z n +i = z_ is distinguished and we denote by a dash in 
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FIGURE 5. Left: n = 3, F = {1,2}, p\ = 3, p 2 = 2. Right: two broken 
configurations caused because the preferred point <pi converged to a puncture. 

Figure [5] (this will receive the module input from CC*(W(£ 1 ))). We can fix the domain's 
paramctrization by taking S to be a punctured disc with zq,z located at 0, +1. 

In 13. 1 It we modify e to e : ( — oo, 0] x S 1 — > S (asymptotic to z ), and modify <fif to 
4> f : S ^ D\ {0,1}, <j>f(z ) = 0, (j)f(z Pf ) = 1. See the left of FigureO 

Analogously to the 72. d+1 ' p (x) defined in !3.12l except for the aforementioned modifications, 
we obtain a moduli space of maps solving (du — X <£> 7) ' 1 = which we denote OC"' p (x). In 
particular, note that (du — X ® 7) ' 1 = turns into d s u + J(dfU — wqX) = via eo near zq. 

To define OC^' p ' w we mimick the definition of the ^t n 'P> w in !3.13l First we determine the q° 
coefficient of the image. An isolated u € OC n ' p (xo,xx, ■ • ■ , x n ,x) will contribute ±t Etop ^ xq 
to OC" ,p,w (q i "+ 1 x(giq i ™x„(8)- • - (giq 4l xi) where i k = 1 for fc e p(F), i k = for k f p(F), and 
it will contribute otherwise (for signs mimick [7J Sec.3h]). The q 1 coefficient of the image 
is determined by the requirement that the map ^j d >P' w respects the <9 q operator. 

Example. An isolated solution for the left configuration in Figure [5] contributes ±i constant a;o 
to OC E (x (g) qx3 (8 qx2 ® a!i), using asymptotic data xq, xi, x%, X3, x at Zo, Z\, z%, z^,z_. 

Finally, sum up the OC^' p,w as p,w vary: 

OC n E : W(E)(L , L n ) ® W(E)(L n , . . . , L ) -> SC*(E). 

Lemma 6.1. OC^; is a chain map, so it induces OCe '■ HH*(W(.E7)) — > SH*(E). 

Sketch of Proof. The proof that OC^ is a chain map is similar to the proof of the A^- 
equations for £f>v(.E) ( see Remarks 3 and 4 in !3.13p . We illustrate the argument in a concrete 
example. In Figure [5] consider the left configuration: if the preferred point </>i moves towards 
03, the limit contributes to OC E (x ® (&dq)(qx3) <8> qx2 <8> x\) which is a part of OC E (id® 
^vv(is) ® id® 2 ) , and this corresponds to the right-most picture in Figure [5J If 0i moves towards 
zq, in the limit a 2-punctured sphere will bubble off with the preferred point 4>i lying on the 
geodesic joining the two punctures (see the broken configuration in the middle of Figure [5]) . 
By the construction of the parametrizations near the ends, this 2-punctured sphere can be 
identified with a cylinder Ix S 1 with the preferred point <f>\ lying at (0, 0) on the geodesic 
line t = 0. So this breaking contributes to /Xg C ,^ E ^(±qOC|;(x ® £3 <g> q£2 <8> x\j). 

Consider the 1-dimensional components of the compactificd moduli space CC"' p (x). The 
oriented sum of the possible boundary degenerations sums up to zero, and corresponds to the 
equation OC^; o b = Hsc'iE) where b is the bar differential. □ 

6.2. The OCe map is an S H* (£')-module homomorphism. We warn the reader that 
OC_e : HH*(W(-E)) -> SH*(E) is not a ring homomorphism (and cannot be since HH»(W(£')) 
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docs not admit a product, unlike HH*(W(-E))). However, we now prove that OC^ respects a 
certain S H* (E)-module structure on HH* (W(i£)). This has been observed independently also 
by Ganatra [19] in a related context, and it will arise also in Abouzaid-Fukaya-Oh-Ohta-Ono 

[Si- 
Theorem 6.2. 

(1) There is an action of QC* (E) on CC*(W(£')) which induces a QH*(E) -module struc- 
ture on HH»(W(£0). 

(2) There is an action of QC* (E) on SC*(E) which induces the QH*(E) -module structure 
on SH*(E) given by composing the canonical map c* : QH*(E) — > SH*(E) with the 
pair-of-pants product on SH*(E). 

(3) The map OC E : RR*(W(E)) -> SH*(E) respects the QH*(E)-module structure. 

(4) The above QH*(E) -actions in fact factor through an SH*(E) -action via c* , and OCe 
is an SH*(E) -module homomorphism. 

Proof. Observe Figure [6] 

Step 0. The QC* (£)-action on CF*(L,L') and CW*(L,L'). 

The action ip : QC*(E)®CF*(L,L') -> CF*(L,L') is described in more detail inEU(and in 
great detail in Auroux [IT] Sec.6.1]). Consider the disc D with two fixed boundary punctures 
at — 1,+1 (respectively receiving the output and the input chain from CF*(L, L')), with an 
interior marked point p a lying on the real line (namely on the geodesic joining —1, +1). Then 
a disc u : D — > E contributes ±< Eto p("'a;_ to tp(a,x+) if u is isolated among solutions which 
intersect a at p a (in the absence of a Hamiltonian and of preferred points, we just mean that u 
is holomorphic and satisfies the obvious Lagrangian boundary conditions and the asymptotic 
conditions x_,a;+ at — 1, +1; more generally when a Hamiltonian and preferred points are 
present, then as usual u satisfies the equation (du — X ® 7) = where 7 is determined by 
auxiliary data). 

More precisely, one considers the moduli space M(A) of all possible solutions lying in the 
class A <G K2(E, L U L'), and one chooses the locally finite cycle a (representing by Poincare 
duality a fixed class PD[a] E H*{E)) to be transverse to the evaluation map ev : M.{A) — > E 
at the new marked point, and one counts the isolated points of ev _1 (a) C A4(A) with weight 
t"W. Finally one extends this action Adinearly to an action of QH * (E) . 

We now prove this is a module action. Consider having two distinct interior marked points 
Pa,Pp on the interval (—1, 1) which are ordered as written. Consider a 1-paramcter family of 
solutions u of Floer's equation which intersect lf-cyclcs a, fj at the respective marked points (we 
emphasize that the other auxiliary and asymptotic data is fixed). The possible degenerations 
are: one of the marked points converges to ±00, or the two marked points converge together 
forming a sphere bubble which carries the two marked points. The count of these boundary 
degenerations yields the equation a ■ (/3 ■ x) = (a * j3) ■ x, where * is quantum cup product. 

Step 1. The QC* (£)-action on SC*{E). 

Consider the domain R x S 1 of the solutions u which define the Floor differential on SC*{E). 
Place a new fixed interior marked point on the geodesic line (t = 0) C I x S 1 . Then 
QC*{E)®SC*{E) -> SC*{E) for a locally finite cycle a e QC*(E) is defined by the weighted 
count of solutions u : R x S 1 — > E satisfying Floer's equation except we now require u to be 
isolated among those solutions which pass through a at the new marked point. The proof 
that this is a module action is analogous to the proof in Step (one of the two ordered marked 
points on the line t = can converge to ±00 or the two marked points come together forming 
a sphere bubble which is counted by the quantum product). 
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For a detailed construction of the pair-of-pants product on SH*(E), see Ritter [35]. The 
pair-of-pants product /^^'(B) * s cons tructed in analogy with A*vv(B)' exce Pt the domain is a 
3-punctured sphere (that is, a pair-of-pants), not a 3-punctured disc. Two of those punctures 
are positive: they receive inputs from CF*(wiH)[q\, CF* (w2H)[q\, the negative puncture 
receives the output from CF*(woH)[q\. The count of solutions on these configurations now 
defines a contribution CF*(w2H)[q] <g> CF*(wiH)[q] — > CF*(wqH) to H 2 sc ,^ E y We pick 
w 2 = 1 so that, by Lemma W7H the inclusion CF*(H) -> SC*(E) represents c*. The PSS 
map QC*(E) — > CF*(H) was defined in 14.41 Composing the PSS map with the pair-of-pants 
product yields QC*(E) <g> CF*(wiiJ)[q] ->• CF*(w H), which is a count of pair-of-pants 
where the Z2 end has been capped off by a disc carrying a marked point p a . Thus, up to chain 
homotopy, we are counting precisely the configurations described above. So on cohomology 
the module action corresponds to the pair-of-pants product with elements from c*(QH*(E)). 

Step 2. The QC* (£)-action on CC*(B). 




FIGURE 6. First row: the domain used for /xj with an additional marked 
point p a ; the two breakings of a 1-family as p a converges to one of the punc- 
tures — 1, +1; part of the proof of the module action when the two marked 
points converge together forming a bubble counted by the quantum product. 
Second row: the domain used for OC^ with an additional marked point p a ; 
the two possible breakings as p a converges to one of the punctures 0, +1. 

Recall the description and notation of CC» (B) in 12.31 Make the cycle a act as in Step 
on the module input coming from A4(Lq, L n ) = CW* (L n , Lq). To prove that the action 
descends to homology, it remains to check that the action respects the bar differential. There 
are two types of terms in the bar differential: those involving fi r B which do not affect the 
module input, and those involving /z^J". The first type clearly respect the action. For the 
second type, we need to prove that fify commutes with the action. So consider the domain 

of the solutions which define fij^. Recall this has two distinguished boundary punctures 
corresponding to the module output and module input. Introduce a new interior marked 
point p a on the hyperbolic geodesic connecting those two boundary punctures. The possible 
boundary degenerations of a 1-parameter family of solutions (the rest of the auxiliary and 
asymptotic data is fixed) are: either p a converges to the input or it converges to the output. 

So ix^(x s , . . . ,xi,a ■ m,yi, . . . ,y r ) = a ■ li%{x a , ■•.,xi,m,yi,...,y r ) as required. To prove 
that it is a module action mimick Step using two ordered marked points on the geodesic. 

Step 3. The QH* (E)-action respects the OCs map. 
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Consider the domain of the solutions which define OC^. Introduce a new marked point p a in 
the interval (0, 1) which connects the interior puncture (which receives the SC*(E) output) 
to the boundary puncture +1 (which receives the module input). Consider the possible 
degenerations of a 1-dimensional moduli space of solutions u which pass through a at p a (the 
other auxiliary and asymptotic data is fixed). The possible boundary degenerations are: p a 
converges to cither the puncture or the punture +1, which respectively yields an isolated 
marked cylinder as in Step 1 or an isolated marked disc as in Step 2. This proves that 
OC^(a ■ m, x n , . . . , x\) = a ■ OC^(m, x n , . . . ,x\) as required. 

Step 4. Promoting the QC* (^-actions to 1 S'C*(i?)-actions. 

Given L\,L 2 G Ob(W(_B)), and a weight w\, define 

SC*(w*H) ® CF*(L 1 ,L 2 ;w 1 H) -> CF* {L X ,L 2 ; w H), 

where wo = w\ + + |Fi | + \F 2 |, by counting solutions defined on discs with two boundary 
punctures at z = — 1, +1 (receiving the CF*-output and the CF*-input respectively) and 
an interior puncture at z = (receiving the S'CMnput). Here Wq,w\^w*,F is part of the 
auxiliary data: we count solutions of (du — X CED 7) ' 1 = 0, where the form 7 pulls back to 
wq dt, w\ dt, w± dt near z = —1, +1, respectively in the relevant paramctrizations, and F±, F 2 
index geodesies connecting z = to z = +1 and z = -1 to z = respectively. 
These maps all together define the action 

ip : SC*{E)®CW*{L 1 ,L 2 ) -> CW*{L 1 ,L 2 ). 

To prove that this is module action, replace the puncture at z = with two interior punctures 
z = — r and z = +r, where < r < 1, which receive inputs s\, s 2 from SC* , and we feed input 
c e CW*(Li,L 2 ) at z = +1. If r — > 0, a 2-punctured bubble forms at z = corresponding 
to the pair-of-pants product s\ ■ s 2 on SC* , so this term corresponds to ip(si ■ s 2 , c). If r — > 1 
then the disc breaks into two 1-punctured discs, which corresponds to ifj(si,ip(s 2 ,c)). 

Mimicking Steps 3 and 4 then shows that the action of QC*(E) extends naturally to 
an action of SC*(E) on CC*(B) (recall that QC*(E) is quasi- isomorphic to the CF*(H) 
summand of SC*(E)) and that OC^ respects this action. □ 

7. Wrapped Fukaya category with local systems 

7.1. Novikov rings An, Ag , A+. Let Ao C Abe the subring of series having only non- negative 
powers oft (see !3.3j) . Let Aq C Ao be the multiplicative group of units: the series having non- 
zero t°-coefficient. So Ao is a local ring with maximal ideal A + the kernel of the evaluation 
Ao — > K of the t°-coefficient, so the series with only strictly positive powers of t. 

7.2. Lagrangians with local systems. The original motivation for local systems of coef- 
ficients came from the SYZ-viewpoint on mirror symmetry [34] . and is very natural in the 
context of toric varieties more generally. 

Accordingly, we modify the Aoo-catcgory W(E) to YV_(E) where now the objects L come 
equipped with a local system of coefficients A L with fibre A and structure group Aq . So: 

(1) A_£ = A over each x £ L; 

(2) for any path 7 in L from x to y, there is an isomorphism : A^ — > Ay given by 
multiplication by an element in Aq depending only on [7] e 7Ti(L, 2, y); 

(3) concatenating paths yields composed P L, s. 

For such Loj Li and Hamiltonian wH the Floer complex is now 
CF*(L ,L v ,wH) = 0^^,^)) 
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summing over all integer A-chords x of weight w, and a Floor solution u : (B \ {±1}, dH>) —> 
(E, L U Li) asymptotic to Hamiltonian chords x, y at —1, +1, which contributed ±t u ^x to 
the old differential dy, now contributes 

Hom A (Aj 0) , A# x) ) ±* uH P^ o ^ o e Hom A (A^ 0)) A^), 

where 70, 7i are the paths in Lq,L\ swept by u\go along the oriented arcs in c© connecting 
— 1 to +1, and +1 to —1. This defines the new differential 0. 

Equivalently, one considers flat Aq -connections on the trivial line bundle L x A over L. So 
the holonomy is a homomorphism iti(L) — > Aq , which determines a class <E i? 1 (L;A < ), 
and the parallel transport Pff : {x} x A — > {y} x A for a path 7 from x to y is given 
by multiplication by &lM G Aq (evaluation of cocycles on chains). Independence of the 
homotopy class 7 is recorded by the fact that is a cocycle. 

So we get the usual A- module CF_*(L , Lx\wH) = ©Ax generated by A-chords of weight 
w, however the above u contributes ±i w ["]&£ [70]^! [71] x to ch/. For zero &l , &Li , which is a 
trivial local system, this recovers the usual CF*. 

The key observation is that if we consider a I-family of discs u as above with fixed 
asymptotics x,y, then the homotopy class of the arcs 70,71 is constant in the family, so 
t w[u] &L [7o]&£ I [7i] is constant. Thus 2 = if and only if the old d 2 = 0. 

Similarly, the analogue & of !3.9l is defined as follows: ±i w ["l&L [7o]&Li [71] £ is a contribution 
to &y precisely when ±t LU ^x is a contribution to &y. Together with Z) this defines /^(s)- 

Similarly, Myv(B) now coun ts solutions u with weight ±£ w ["]&£, [70] -b^ [71] • • • b^ n [y n ] where 
7i are the images via u of the oriented arcs in <9B which land in Li . Analogously, one defines 
the map OG E : HH*(W(£)) -> SH*{E). 

For Fukaya categories since H is not present and assuming L$ fh L±, the x are just inter- 
sections points in Lq n Li. In particular, in 13.71 for L = Lo = Li we model CF*(L,L) by 
locally finite chains C' f (L, EndA(A L )) with local coefficients. 

Mimicking 13.71 the new m 's now depend on [6^] g i/ 1 (L; Ag ): 

m (L,6 i ) = ^^[«6 i [^]ev*[M 1 ( ) 8)] e C^ imL (L,A L ) 

summing over the homotopy classes /? S TT2(E,L) of Maslov index 2, where A4i(f3) C A4i 
corresponds to the disc bubbles u in class [u] = (3 (see 13. 7\ . As argued in 13.71 M 1 (/3) is a 
dim(L)-cycle so ev*[Ali(/3)] is a multiple of [L], and finally we define m (L, &l) £ A by 

m (L,6 L ) = m a {L,b L ) [L]. 

Just like in the absence of local systems, W(E) splits up according to mo-values (see 13. 7|) . 
Even though typically the mo-values have changed by introducing local systems (i.e. mo(L) 7^ 
m (L, 6r,)), the possible mo-values are still constrained to lie in the spectrum of eigenvalues 
of C\(TE) * ■ because Lemma T3.2I holds also in the presence of local systems. The advantage 
of local systems is that a wider range of eigenvalues can now arise geometrically as mo-values. 
We will argue in l9.III that all our results for W(E) hold also for W(E). 

8. The Generation Criterion 

8.1. Split-generation. 

Definition 8.1 (Split-generating [29l Sec.4c,3j]). A full subcategory S split-generates an A^- 
category A if for each A € Ob(.A) ; there is a twisted complex built from Ob(S) admitting A 
as a summand. Concretely: Ob(_4) is obtained by starting from Oh(S), forming mapping 
cones and shifts, repeating that process arbitrarily often, and then taking images under all 
idempotent endomorphisms of the resulting objects. If it is not necessary to take images 
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under idempotents, then we say S generates A. We sometimes say Ob(<S) split-generates or 
generates A, respectively. 

8.2. The generation criterion in the monotone setting. 

Generation Criterion (Abouzaid [2]). Let (M,d9) be an exact symplectic manifold M 
conical at infinity, and S a full subcategory ofW(M). If 1 lies in the image of 

HH*(<S) ^ HH*(W(M)) ° Ca/ > SH*(M), 

then S split- generates W(M). 

By Theorem 16. 2[ it in fact suffices that im(OCM) contains an S77*(M)-invertiblc: 

Lemma 8.2. If s G im(OCA/) is invertible in SH*(M) then 1 G im(OCM)- 

Proof. OCm(i) = s for some x <G HH*(W(M)), so since OCm is an SH * (M)-module map by 
Theorem 16.21 (which of course holds also in the exact setup), OCa/(s _1 ■ x) = s ■ s = 1. □ 

In this Section, we will prove that the generation criterion holds in the monotone setting. 

Theorem 8.3. For any (non-exact) monotone symplectic manifold conical at infinity, the 
generation criterion holds for the wrapped Fukaya category defined as in \S.4\ 

Remark 8.4. Analogously, if an idempotent summand i of 1 is in the image o/OCg on a 
full subcategory S ofW(E), then S split- generates the summand ofW(E) corresponding to i. 
We explain this further in Remark \8.5\ 

The reason the proof of Abouzaid does not immediately carry over to the monotone setting 
is that the Aoo-categories have been constructed in significantly different ways. Abouzaid's 
construction relies on a subtle use of the Liouville flow, which is globally defined in the exact 
case but not in the monotone case. 

8.3. Outline of the proof of the generating criterion. Fix an object K in VV(M), where 
M is a monotone symplectic manifold which is conical at infinity. Recall S is a full subcategory 
of W(M). Let £, TZ denote the Yoneda 5-modules 

C{X) = horns (if, A) = CW* (K, X), 
Tl(X) = hom s (X, K) = CW*(X,K), 

where X G 0b(5). Recall TZ represents the object K (see [29l Sec.(2g)]). Using these as the 
£, TZ in 12.61 for the ^oo-category S, we deduce 

HtL(S,£®"K) = H*(TZ®s C). 

In 18.51 we will construct the coproduct A, which is an 5-bimodulc map 

A : S -> C®TZ, 

in particular #*(A°I°) : HW*(X,X') -> HW*{K,X)® HW*(X',K) is the usual coproduct. 
Finally, there is a closed-open string map CO : SH*(M) —> HW* (K, K), constructed in 
analogy with the OC-maps. 

This yields two interesting composite maps: 

Ci : HIL(S,S) — ^SH*(M) — *-HW*(K,K) 

C 2 : HH* (S, S) HH ' (A) - HH* (S, C (g) TZ) = H* (TZ ® s C) — ^—>- HW* (K, K) 
using the fig to compose all morphisms of the chain complex TZ ®s 



2,x 



ALEXANDER F. RITTER AND IVAN SMITH 



The key ingredient of the proof is to show that these composites are equal, which we 
will prove in 18.61 The hypothesis that OC hits 1 G SH*(M) implies Ci hits the identity 
ex G HW*(K, K) since CO is a ring homomorphism. Therefore C2 hits ex- For purely 
algebraic reasons [21 Appendix A] this implies that 1Z (which represents K) is a summand of 
a twisted complex built from objects in S. Therefore any object K in W(M) is split-generated 
by objects in S, as required. 

We illustrate that purely algebraic reasoning in a very simple example: when S is generated 
by a single object X, and we assume that /j,|(a,/3) = &k for some a G CW* (X, K), (3 G 
CW*(K,X). Let's abbreviate that by a ■ (3 = e K ■ Then p = /3 ■ a G HW*(X,X) is an 
idempotent: p ■ p = a ■ (/3 • a) ■ f3 = p. Thus 

HW* (X, K) = H* (K(X)) ~ c — »• H W* (X, X) a ■ (3 = e K , ■ a = p 

a 

displays H*(7Z(X)) as a summand of HW*(X, X): the image of the projection p. 

Remark 8.5. Suppose S is a full subcategory ofyV(E) such that 

HH*(<S) -s- SH*(E) -s- HW*(K,K) 

hits the identity ex, and K G Ob(yV(E)\) lies in the summand W(E)\ ofW(E) corresponding 
to the eigenvalue A of c\(TE) * • : QH*(E) — > QH*(E). Then in fact 

HH*(«S A ) -s- SH*(E) X HW*(K,K) 

hits ex, since the maps are QH*(E) -module maps (by the arguments of Theorem \6. e 2]) . So 
it suffices to consider Lagrangians with a single niQ-value in the subsequent proof of the gen- 
eration criterion. In particular, we never encounter holomorphic annuli with boundaries on 
Lagrangians with different m^-values. 

This outline is precisely the argument of Abouzaid [2] , so the only difference for our setup 
is that we need to construct CO, A and prove the equality of Ci, C2 in the monotone setting. 

8.4. The CO map. CO : SH*(E) -> HW*(K,K) arises at the chain level as the sum 
of certain maps CO p ' w : HF*( Wir H)[q} ->• CW*(K,K;w H)[q\. We now define CO p ' w by 
mimicking 16. II Consider 

s = »\{o,-i} 

(recall we used S = D \ {0, +1} for OC°'°). Denote the interior puncture by = and the 
boundary puncture by Zq = — 1. Mimicking 13. Ill the auxiliary data is: an index set F with a 
(constant) map p : F > {0}, weights w = (to^, uiq) with wq — w* + \F |, a closed form cto, and 
sub-closed forms /?/ indexed by F. The total 1-form on S is 7 = «o + X) Pfi which pulls-back 
to w+ dt near z* and wo dt near Zq. We can assume F is either {0} or empty, depending on 
whether we have a geodesic with one preferred point joining z*, zq or not (the count of other 
configurations will cancel for symmetry reasons as in Lemma 3.7]). 

Define the q°a;o coefficient of CO p,v ' (q l x±) as the count with weight ±t Et °p( u *> of isolated 
solutions u : S — > E of (du — X <g) 7) 0,1 = with Lagrangian boundary condition K and 
asymptotic conditions x±,xq at z*,zo, using auxiliary data F = {0} if i = 1 and F = if 
i = 0. The q 1 coefficient of CO p ' w (q l x+) is determined by requiring CO p ' w is 9 q -equi variant. 

An easy check shows CO is indeed a chain map. To prove that CO is a ring homomor- 
phism on cohomology, we argue as in Theorem 16.21 consider the domains as above except 
is replaced by two interior puntures z* 1, z*^ lying on the geodesic joining —i, i g B symmet- 
rically about 0. In a 1-family with fixed auxiliary data, if z*,i, z^.2 converge together to a 
3-punctured bubble breaks off giving rise to the product on SH*; if z^i, z* 2 converge to the 
boundary then two disc bubbles form, contributing to the composite (J>cw*(K K) CO® 2 . 



THE WRAPPED FUKAYA CATEGORY 



29 



Remark 8.6. One can extend the above closed-open string map to 

CO E ■ SH*{E) -> HH*(W(£)), 

by having several outputs as opposed to just one output, and then introducing auxiliary data 
as we did for the open-closed string map OCe of Section^ In particular, this map is an 
acceleration of the analogous homomorphism COe '■ QH*(E) — > HH*(J r (i?)) constructed 
using a small Hamiltonian H = H E (comvare \5.6\) . 

The map COe is a module homomorphism over QH*(E) and also over SH*(E) (which is 
proved as for OCe in Theorem 1 6. Sty) , and it is a ring homomorphism (unlike OCe). 

8.5. The coproduct. For weights w = (w r , . . . , wi), abbreviate 

W{L r ,...,L ;w) = CJP*(L P _i,L r ;w r .ff)[q] ® • • ■ ® CF*(L , L x ; u;iif)[q]. 

We need to define for r, s > 0, a map A r l«,p,w,p',( M ',w') 

W(L r , . . . , L ; w) <g> CF*(L' , L ; w'H )[q] ® W(i , . . . , w') 
— ► CF* (X, i r ; woff) [q] (8) CF* (LJ, , if; <ff ) [q], 

Observe Figure [7J We are now considering a universal family 7?. r l s,p,p — > TZ r+s+1 in which 
there are two distinguished boundary punctures z , z' on the Riemann surface S which serve as 
the outputs for A, and one distinguished puncture z which serves as the input A receives from 
the module CF*(L' , L ;w'H). These distinguished z, z , z' are fixed to lie at 1, e 21 ™/ 3 , e 41 ™/ 3 , 
after identifying S with the disc D. This kills the reparametrization group of Jl r + S + 1 and the 
local coordinates for TZ r + s + 1 are given by the angular coordinates of the punctures z\, . . . , z r 
lying on the arc z, zq and of the punctures z' s , . . . , z[ lying on the arc z' ,z. The punctures are 
ordered as shown in Figure [71 

We construct inductively two sets of auxiliary data, mimicking 13.111 So w = (w r , . . . , w\ ) 
and (w', w') = (w 1 , w' s , . . . , w[) are integer weights; F, F' are finite sets of indices /, /', coming 
with maps p : F {r, . . . , 1}, p' : F' {oo, 1, . . . , s} defining labels Pf,p'f, (possibly not 
distinct), where we use oo to denote z = z^; we have sub-closed forms ftf, /3f, we have closed 
forms and a', a f sl . . . , a[. Finally this defines the total 1-form on S: 

r s 

i = Wkak + w 'j a 'j + + X] Pf + Pr> 

fe=l j=l f£F f'£F> 

with c?7 < 0, c?7 = near dS. The pull-back of 7 to dS is 0. Define wo = J2 w k + \F\ and 
w' = w j \F'\. Near the ends, in the relevant paramctrization, 7 has the form: uik dt, 

w' dt. w'j dt, wodt, w' dt respectively near Zk, z, z'j, zq, z' . This is consistent with Stokes: 

o<-fdi = w + w' -J2w k -J2™' j -m' = \F\ + \F'\. 

By mimicking 13. 12\ we obtain a moduli space x, x') of solutions u : S — > E of 

(du — X ® 7) ' 1 = satisfying the relevant asymptotic and boundary conditions. Arguing as 
in Lemma 3.7], we can always assume that there is never more than one preferred point 
on a geodesic, since for symmetry reasons the contributions of isolated solutions will cancel 
when p or p' is not injective. 

Let us abbreviate by ip the map we need to define above. We will define it inductively on 
the total degree of q arising in the input (compare the definition of the OC maps in l6.ll) . We 
will later define the (q°, q°)-cocfficient of the output of -0. Once this is done, by imposing 
9 q -equivariance of tp, the (q^q )- and the (q°, q 1 )-cocfficients are determined. Finally the 
(q 1 , q 1 )-coefficicnt is determined by imposing <9 q -cquivariancc of ip. An issue might arise at 
this stage: d q (qa;<g>qy) = x®qy+{— l)H x ll _1 qa;g)j/ (recall q has degree —1), so for consistency 
one needs in general that for a tensor w the output ip(dqw) has x®qy and qx®y arising with 
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the same coefficient up to (— 1)INI _1 . But this is indeed the case by considering ip(dqdqw) = 
(using dq o dq = 0). Since q 2 = 0, we have determined ip. 

We now define the (q°, q°)-cocificicnt of the output of ip- Just as in l6.H the only case when 
the output is non-zero is when the input q v av<g>- • ■®tf 1 Xi®q l <=°x®q ll x' 1 ®- ■ -(£)ci l sx' s comes 
with the correct powers of q, that is = 1 iff k £ p(F) (respectively i'j = 1 iff j £ p'(F')), in 
other words there is a q iff there is a geodesic (with one preferred point) joining the relevant 
puncture with zq (respectively z' ). If this is the case, then the xq®x' coefficient of the output 
is a count with weight ±t Et °p( u *> of the isolated solutions u £ TZ r \ s 'P'P (x r , . . . ; xi,x,x[, . . . , x' s ). 





'in 



Figure 7. Left: A°l° : CF*{L' a ,L -w!H) CF*(K,L ;w H) ® 

CF*(L' , K; w' H). Right: A l°(x4, X3 , qa^ , x\ , qx, qa^, x 2 , qxg) using Hamil- 
tonian chords Xi,x, x\ as asymptotics at z^z,^. 

That A satisfies the Aoo-equations required from an 5-bimodule map S — > C <E> TZ is 
now an exercise in bookkeeping, compare Remark 4 in 13. f 31 The key observation is that in 
codimension f , either a subset of the punctures (and possibly some preferred points) converges 
to a common point on the boundary that is not Zq, z' ,z_, or a subset of the punctures and/or 
preferred points converges to one of zq, z' 07 z_. In the first case it gives rise to a //^-terrn (which 
is part of the bar differential for the 5-bimodule S). In the second case: if the common point 
is zq it gives rise to a /x^^-term; if z' , it gives rise to a /i^^-term; if z, it gives rise to 

a /i 5 -term. In particular, if more than one preferred point converges to a puncture, then 
those contributions will cancel; and if no punctures but exactly one preferred point converges 
to a puncture then we get the ^-contributions in fJ 1 ^-^, fJ°cLiz> ^s- 

8.6. The key ingredient. We now prove that the composites Ci,C2 from I8.3l agree. This 
involves studying a moduli space of annuli, which in Abouzaid's case is described in [5J 
Appendix C4,C5], and in our case will be endowed with additional decorations coming from 
geodesies and preferred points. Keeping track of this additional data may seem cumbersome 
at first, but it has the advantage that all gluings are natural: so in fact we will not need the 
first homotopy of Abouzaid [2j Sec. 6. 2] which changes the weights so that gluing becomes 
possible, and we will only need to construct the analogue of his second homotopy Sec. 6. 3]. 

Consider the moduli space of all holomorphic annuli with two boundary punctures, one on 
each component of the boundary. For example the family of annuli 

£ r = {zeC:I<|2|<r}\{-I,+r}. 

By doubling up an annulus, one obtains an elliptic curve e with two marked points together 
with a real structure (an antiholomorphic involution cr, whose fixed locus are the two boundary 
circles of the annulus, and it fixes the two marked points). The pairs (e, cr) form, via an etale 
forgetful map, a subset of the Deligne-Mumford space A4i^ (recall dimc-Mi^ = 2). This is 
described in detail in Fukaya-Oh-Ohta-Ono \ W\ Chp.2]. 
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The family e r determines a real 1-dimcnsional family in Ai\ t 2 parametrized by the modular 
parameter e r <E [e , oo], A typical codimc = 1 degeneration of .Mi, 2 involves the shrinking of 
a hyperbolic geodesic in the punctured elliptic curve, which in the limit gives rise to a nodal 
curve with one node. However, since our family e r comes with real structures, the boundary 
strata will in fact carry two nodes (and a either fixes or interchanges the two nodes) , and so 
the elliptic curves in the family e r will degenerate into two spheres joined at two nodes. 

When r — > oo, one of the two nodes is forming in the interior of our annulus, thus in the 
limit the annulus breaks into two discs joined at an interior point as in picture 1 of Figure [8] 
ignoring all decorations (this is the case when a swaps the nodes). When r — > 1, the two nodes 
arise as a limit of two pairs of boundary points of the annulus connected by two shrinking 
geodesic arcs. In the limit this gives rise to two discs joined at two nodes as in picture 5 of 
Figure [5] ignoring all decorations (this is the case when a fixes the nodes) . Observe that in 
both cases the two original marked points will lie on opposite components of the nodal curve 
(in the second case this is because one disc would otherwise be unstable). 

An analogous argument can be carried out when there arc several marked points on the 
outer circle \z\ = r, which we view as a family lying over our family e r via a forgetful map. 
Thus the punctures at —1, +r are distinguished, which is why in Figure |S] we mark them with 
a dash, and we mark the other punctures with a cross. 

The dotted lines in pictures 2 and 3 of Figure [8] are examples of hyperbolic geodesies which 
shrink in the limit to give respectively pictures 1 and 5. In picture 2, we work in the (s,t) 
plane, where z = e s+lt parametrizes the annulus, so we've passed to the cover R — > R/Z of the 
angular variable. The limit r — > oo corresponds to stretching the strip 2 near the dotted line. 
Picture 4 is biholomorphic to 3, and shrinking the dotted lines in 3 corresponds to stretching 
the two handles in 4. The dotted lines play the same role as the "cuts" in Figures Q] and [2] 




Z5 Zi Z5 



Figure 8. Breaking analysis for the moduli space of annuli. 

Observe our moduli space of annuli in picture 2 or 3 of Figure [5] The distinguished bound- 
ary marked points arc z = — 1 (which will be the output) and z[ = = +r (which will be the 
bimodulc input), and the other boundary marked points z\, . . . , z n ordered counterclockwise 
on the boundary s = r. Mimicking 13.111 the auxiliary data is: a finite indexing set F with a 
map p : F — > {oo, 1, . . . , n} which keeps track of the presence of preferred points on geodesies 
joining z_ with the other punctures (with the important convention that the geodesic joining 
z,z', if present, is always the one which increases t); weights w', Wi, . . . , w n ; closed forms 
a, oli, . . . , a n ; sub-closed forms /3/. These define a total 1-form 7 = X) w kO-k + wl Q + Pf> 
which pulls back to Wk dt, w' dt, wdt near Zk, z?,z, where w = J2wk + w' + \F\. 
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Consider a 1-dimcnsional moduli space of solutions u : S — >• E of (du — X CED 7) ' 1 = 
defined on a fixed annulus S, and satisfying the relevant boundary and asymptotic conditions. 
Pictures 1 and 5 of Figure [8] are two examples of boundary points of this moduli space. Notice 
there are geodesies in pictures 1 and 5 which do not carry preferred points: this is a natural 
phenomenon that arises also in the breaking analysis for the /^5-maps, and Remarks 1 and 2 
in l3.11l and Remarks 3 and 4 in l3.13l cxplain this: these geodesies encode how the breaking has 
occurred, and each breaking yields distinct composites of the relevant operators. If the cut in 
picture 2 had included more than one preferred point on the left, then picture 1 would have 
two or more preferred points on the same geodesic, and those broken configurations would 
cancel out at the level of operators (algebraically: q 2 =0). 

We conclude that (ignoring all q's, to keep the discussion comprehensible) that picture 1 
is a contribution to the coefficient of x in 



where T is the reordering isomorphism from l2.6l which induces HH*(6>, C®1Z) = H*(1Z®s £) 
(notice above that we are inputting into T a typical contribution to CC*(A)(a;', x$, X4, X3, X2, x\) 
as prescribed by Lemma T2.3p . 

This example now easily generalizes to show that the boundary points of such 1-dimensional 
moduli spaces include the counts involved in the maps Ci = CO o OC and C2 = /i£ lax o T ° 
CC*(A). There are however also two other contributions which we now describe. 

Let <p : CC*(<S) — > CW*(K, K) denote the weighted count of isolated solutions u defined on 
an annulus as above. Now consider again a 1-dimensional family of solutions on the annulus. 
Firstly, when a subset of the outer boundary punctures converges to a common point, we 
obtain bubbling configurations counted by tp o b where b is the bar differential for CC*(<S). 
Secondly, when bubbling occurs on the inner boundary circle of the annulus, the broken 
configurations are counted by fJ>cw*(K K) t P' 

We remark on a particular case of the first type of bubbling: when the bubble carries none 
of the boundary punctures. These are the terms involving the mo's that are supposed to arise 
in the bar differential and in the /ig-maps fsee !3.7[) . These terms will all cancel out since they 
cancel out for the Aoo-composition maps. 

Since the oriented count of boundary points of a compact 1-dimensional manifold is zero, 
we conclude that Ci and C2 differ at the chain level by tp o b — Mcwf-fir K) therefore they 
agree on cohomology. This concludes the proof of Theorem 18.31 



9.1. Notation: B, E, T, B, £ , W(E). From now on: 

(1) A is the Novikov ring (see 13.31) : 

(2) (B,uib) is a closed monotone symplectic manifold; 

(3) B is the Fukaya category J-(B) of B (see 15. lft : 

(4) H B : B -t R is a Hamiltonian on B (secl4~Tj); 

(5) (E,uj) is a monotone symplectic manifold conical at infinity (see !3.1|) : 

(6) £ is the generalized Fukaya category of E (discussed in 19. 7ft ; 

(7) W(E) is the wrapped Fukaya category of E (see 13. 4[) ; 

(8) H E : E — > K is a Hamiltonian on E linear at infinity of small slope (sec 14.21) : 



CO o OC(i',i5,a;4,a;3,3;2,si), 
whereas picture 5 is a contribution (ignoring all q's) to the coefficient of x in 
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(9) B x E denotes the product B x E with symplectic form (-^ws) (B^e (the rescaling 
makes B x E monotone with monotonicity constant A^); 
(10) r is a closed Lagrangian correspondence from B to E, that is: T C B x E is a closed 

monotone oriented Lagrangian submanifold. 
In this Section, we use the quilt machinery of Wehrheim- Woodward [Ml GUI [35]. This 
allows us to define maps by pictures of quilts and allows us to do gluing arguments pictorially. 

9.2. The quilt morphism HF*(H B ) -> HF*(H E ). Define 

q r : CF*(H B ) -> CF*+I 9r l 

by counting isolated quilt maps as in Figure [9] (we use cohomological conventions), where 
H E = H is small (see 14.21 I4.4[) and where |gr| is the degree of the map which we will 
determine later. The quilt domain is an infinite cylinder Kx S 1 , with the seam condition T 
on the circle {0} x S 1 . After folding, the quilt maps are of the form 

u : (-oo,0] x S* 1 -> B x E 

satisfying the Floor equation 

d s u + [(- J B ) © J E ][d s u - c(s)X h b © X HE ] = 0, 

with boundary condition m|{o}xs 1 C T, where c : R — > [0, 1] is a decreasing cut-off function 
which equals 1 for s < — 2 and equals for s > — 1. 

In general, such maps have been investigated before in |38i Sec.6.1]. 

$ n n 

r b 

u y 1 

Figure 9. q r ■ CF*(H B ) -> CF*+^(H E ). 

9.3. The quilt morphism QH*(B) -> QH*(E). Abbreviate dimensions by 

\B\ = dimc-B, |£| = dim c £. 

Theorem 9.1. XTie composite (using the PSS maps from \4-4\ ) 

Qr : QH*(B) HF*(H B ) -£» HF*+^(H E ) QH*+^{E) 

is identifiable with the homomorphism 

Qr : QH {Bl+lE \ (BxE)-> A, (a, 0) h-> (a, /3) . [T] 

where • is t/ie intersection product H*(B x i?)® 2 — > Z, and |gr| = |_E| — 

Proof. By Poincare duality, we identify 

PD B : QH*{B) = QH 2]Bl _*(B) PD S : QH*(E) = QH$ m _,(E) 

For details about locally finite homology, we refer to [26] . 
Consider the intersection product 

• :H*(E)®H% El _„(E)->K. 

In general, suppose we are given a locally finite pseudocycle ev : M — > £7 defined as an 
evaluation map at some marked point for some moduli space M.. Say ev*[.M] = Y^^ilii 
where A, £ A and ji is a basis of lf-cycles for E. Then Aj is the (Novikov-weighted) count of 
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solutions in M. which intersect the cycle 7,^ at that marked point, where 7 2 v is the dual to 74 
with respect to •. 

Using Poincare duality, Qr : QH 2 \b\-*{B) —> <9-ff^£;|-*-|gr|^)' ^en usm § '-duality: 
Qr ■■ QH 2lB] _*(B) <g> QIT. + | 9r ,(^ -> A. 

By a standard gluing argument, this counts certain quilt maps whose domain is a sphere S 2 , 
with seam condition T along the equator. By a standard Floor homotopy argument we can 
assume the Hamiltonians have been homotoped to zero. After folding the sphere to obtain a 
disc with boundary condition T, Qr(a, (3) counts isolated (~J B ) © J £ -holomorphic discs 

u : O — } ~B x E 1 u\ dn C r 

intersecting (a, /3) at z — (here D = {z g C : \z\ < 1}). But no such non-constant u will 
be isolated: there is a rotational S^-symmetry of the domain. So the only solutions being 
counted are the constants u G (a x /3)C\T which yield the ordinary intersection product. Thus 
dimRr = 2\B\ + \qr\- Finally apply Kiinneth's theorem. □ 

9.4. The deformed quilt morphisms Qr,-y = 0. If T is null-homologous, then Qr = 0. So 
to have a chance at making Qy non-zero, we would need to kill the 5 1 -freedom which arose in 
the previous proof by introducing an extra boundary marked point. We now show how this 
gives rise to a deformed map depending on a class in 7 G HF*(T,T). 

Fix a puncture labeled p y on the scam T in Figure [5] Define qr.-y by counting quilt maps 
as before, with the additional condition that p 7 is an input for the Floer cycle 7 G CF*(r, T). 
Observe that locally near p 7 one can fold the solutions u to give a local map u = {u-^,ue) ■ 
C fl {z ^ : Im(z) > 0} — > B x E defined near p 1 = (z = 0), with Lagrangian boundary 
condition u(iM) C T, so the input 7 at z — is well-defined. Moreover, observe that the 
following degenerations of 1-families of solutions can occur: breakings at the ends which 
define the Floer differentials for H B and H E , and discs bubbling on T. The discs bubbling on 
r must carry the boundary puncture p 1 , otherwise they would have too high index (recall T 
is monotone and oriented) . The disc bubbles carrying the boundary puncture p 1 correspond 
to the Floor differential <9Fiocr(7), but this vanishes since 7 is a Floer cocyle. Therefore qr.7 
is a chain map. Capping off the ends, using the PSS-maps, defines the map Qr.j- 

Remark 9.2. It is not a priori known that HF^(T,T) 7^ 0. The undeformed map Qr corre- 
sponds to the case 7 = [T] £ HF*(T,T). 

Theorem 9.3. The deformed quilt homomorphisms 

Qr, 7 : QH*{B) -> QH*(E) 

are determined by the homomorphism 

Qr, : QH* (B x E) ® HF* (V, T) — > H F» (T, T) -> A, 

the first map is quantum intersection product, the second is the augmentation which projects 
to the coefficient of the generator [pt] in HF*(T,T). 

Proof. Arguing as for Theorem 19. 1[ we may identify Qr.-y with the map 

QH k (B xE)x {[7]} C QH k (B x E) ® H,(T; A) -> A 

which maps a generic cycle (a, f3) £ QH*(B x E) to the (Novikov- weighted) count of isolated 
(-J B ) © J B -holomorphic u : (D,9D) -> (B x E, T), with u(0) € (a, (3) and g 7 (where 
p 7 = 1 is the fixed marked point). For dimension reasons dictated by the quantum product, 
this forces k = 2(\B\ + \E\) — \j\ (using the homological grading for 7). 
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Next, we recall the quantum intersection product action in our setup, and we refer to 
Auroux [TTJ Sec. 6.1] for details. Fix the three marked points ±1, on the disc B (alternatively, 
if one later quotients by domain rcparamctrizations, take two distinct freely moving boundary 
marked points and an interior marked point free to move along the hyperbolic geodesic joining 
the two boundary marked points). 

Consider the moduli space Mr,b of (- J B )© J B -holomorphic discs u : (D, dH>) — > (BxE,T), 
lying in class [u] = b £ 7r 2 (-B x E,T). Let 

ev hi± i : .Mr.;, -> T cv M : M r ,b -> B x E 

denote the evaluations at ±1 and respectively. Given chains (a,/3) £ C*(B x E), 7 £ C*(T) 
such that 7 x (a, (3) is transverse to ev^^i x ev^o, define 

(a,/3) * b 7 = (ev6,_i)*(ev6,i x ev b , ) _1 (7 x (a,/3)) £ C*(r). 

Define the weight uj[b] = J b u*oj for any u £ A^r,&- The grading convention 13.31 is 

\r [b] \ = 2X E oj[b] = 2\ E Xrv(b) = fx(b). 

The quantum intersection product is by definition 

QH, (BxE)<E> HF, (T, V) — > HF, (T, T) 
(a,/3)*7 = E r[b] ((«,/3)*6 7)ea(r;A) 
6e7r 2 ("Bxf;,r) 

and it is degree-preserving if one uses cohomological gradings. 

As explained more generally in the proof of Theorem 19. 1\ the requirement that ev^-i 
sweeps a multiple of the cycle [pt] in T can be replaced by the condition that the discs u 
intersect the »-dual cycle [r] inside T at the marked point z = — 1. But the latter con- 
dition is automatically satisfied, so composing the quantum intersection product with the 
augmentation gives precisely the count of holomorphic discs which define Qr j7 . □ 

Remark 9.4. Observe that, since E is non-compact, one must take care to distinguish between 
QH*(BxE) which is represented by cycles, and QH^(BxE) = QH 2 \ B \ +2 \ E \~*(B x E) which 
is represented by locally finite cycles. The Theorem involves the former. 

9.5. Dimension count. Recall that the moduli space A^r.b defined above has 

diniR Mr,b = dim R T + fi(b), 

where /j, : ^{B x E, V) 1 is the Maslov index. Therefore, in the definition of Qr n (a,f3) 
the only b which contribute have Maslov index satisfying 

dim R r + /j,(b) — codim Bx£ ;(Q!, (3) — codim r (7) = 0, 

so fx(b) = codim(a,/3) - (7] = 2{\B\ + \E\) - |a| - |/3| - I7I = the grading of Q Tn (a,fi). Thus 

Qr, 7 : QH*(B) -> QH* +2 \ E ^(E) 

PB B (a) h+ ^Q r>7 (a,/3) PB E {^). 

P 

where the sum over (3 ranges over a basis of H* + 2\e\-\i\{E), with »-dual basis /3 V in H^^^E), 
and |7| is the homological grading of 7 (so 2\E\ - | 7 | = \E\ - \B\ + k if 7 £ HF k (T, T) is 
viewed as a Floer cocycle). 
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9.6. Equivalent descriptions of Qr 
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Lemma 9.5. Consider the open-closed string map OC : CF*(T,T) —> QC*(B x E) for 
r C B x E, and view 7 as a Floer cocycle in HF*(T,T). Then 

OC( 7 )=^Qr, 7 («,/3) [« v ,/? v ] 

where a v ,/3 v are respectively the cycle and the If-cycle dual to the cycles a, /3 via the ordinary 
intersection product. 

Proof. This follows immediately upon comparing with the discs counted by Qr,7, described 
in the proof of Theorem 19.31 and upon observing that the condition of intersecting (a, (3) at 
the centre of the disc is equivalent to requiring that the moduli space of such discs sweep 
(a v ,/3 v ) under evaluation at the centre. □ 

Lemma 9.6. For 7 e HF k (T,T), the Tfiojp Qr.'y factors as: 

QH*(B) ^4 QH*(B x E) 
^ HF*(T, r) 
_2+ HF* +k (T, r) 
£C QH*+\ B \+\ E \+ k (B x E) 
^ QH*+\ E \-\ B \+ k {E) 
where -7 is the Floer triangle product by 7, and /pt B is slant product by the point class in B . 




Figure 10. The coefficient of PD B (e) in Q r , 7 (PD B (/3)). 



Proof. Let tp denote the map defined by the factorization in the claim. Observe Figure 1101 
On the left are the configurations which count the coefficient of the locally finite cycle e in 
E in the output of tp(J3), where j3 is a cycle in B, in particular the target space of the maps 
defined on those discs is the space Bx E. Observe in the figure that we replaced the condition 
of sweeping pt B x e by the condition of intersecting B x e v at the left interior marked point, 
where e v is the cycle in E dual to e via the ordinary intersection product. 

Now consider the figure on the right: discs with one boundary puncture at —i and two 
interior marked points at — r, r where < r < 1. In a 1-family, as r — > 1 those configurations 
break to give the figure on the left. On the other hand, as r —J- 0, a bubble appears at z — 
carrying the two interior punctures: this is the quantum product of [B, e v ) and ((3, E). Since 
[B] , [E] are the units for quantum product in B, E respectively, we have [B, e v ] -[/3,E) = [/3, e v ] . 
So, up to chain homotopy, = Qr,y{/3). □ 

Remark 9.7. Even though OC, CO are QH* -module maps, the map Qr,f ■ QH*(B) — > 
QH*(E) is not in general a QH* -module map due to the slant-product in the above factoriza- 
tion. Indeed, suppose we introduce a new interior marked point p^B on the ray [0, 00) x {0} 
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inside the quilt cylinder RxS 1 ' from Figure and we impose the intersection condition at 
pgB with a cycle 5 B in B. In a l-family, pgB may diverge to infinity giving rise to the Floer 
product by 8 B . The other possible breaking is ifpgB converges towards the marked point p 7 on 
the seam, giving rise to a disc bubble in B x E bounding Y , carrying pgB as an interior marked 
point and p 7 as a boundary marked point. We can run a similar argument for a marked point 
Pse on (—oo,0] x {0} and an If-cycle S E in E. If one knew [S B ,E] ■ 7 = [B 1 5 E ] ■ 7 for the 
action ofQH*(E x E) on HF*(T, T), then Qr.-y(5 B * f3) = 5 E * Qr, 7 (/3)- But in general there 
seems little reason to expect Qt,j to be compatible with the QH* -module structure. 

9.7. The generalized Fukaya category £ . For now wc denote by £ = IF zery {E) the gen- 
eralized Fukaya category of E as defined by Wchrhcim- Woodward [36] using generalized La- 
grangian correspondences as objects. Generalized Lagrangian correspondence L = {L\ , . . . , Lf.) 
will mean: Lj C Mj x Mj+i is a monotone closed oriented Lagrangian submanifold, Mj are 
monotone symplectic manifolds, Mj = pt, Mk+i = E (with Mj conical at infinity if Mj is 
non-compact). The morphism spaces of F gen {E) are the Floer cohomology groups HF*{L,lJ) 
defined in |36j (we later mention briefly what they are in our context). 

For sufficiently nice T one can in fact later switch back to the Fukaya category £ = F(E) 
(see 19. 9[) , but we will keep things general for now. 

We emphasize: there is no wrapping for now, and all Lagrangians are closed. 

9.8. The Aoo-functor $ : B — > £. We aim to study the natural functor $ = $r : B — > £ 
which on objects is 

$(L) = (L,r) 

where a monotone Lagrangian L C B is viewed as a correspondence in pt x B. 

On morphisms, the map is given by "gluing in the identity lp" , more precisely for monotone 
Lagrangians Lq,Li C B, the morphism 

fTF*(L ,£i) -+ fTF w (0&o,r),(.Li J r)) = i7F*(L ,r,r T ,if) 

is defined by counting quilt maps schematically drawn in Figure 1111 




Figure 11. Two equivalent pictorial descriptions of $ 1 . The dash on the 
right is the input, the dash on the left is the output. 

We extend to an Aoo-functor $ : B -> £: 

$™ : B(L n , . . . ,Lo) -> HF*($(L ), $(L„)) 

counts quilt maps as in Figure [121 In the second picture, the domain is a disc D = {z € C : 
\z\ < 1}, there is a distinguished fixed puncture at z = — 1 drawn as a dash (corresponding to 
the output of $), and the remaining boundary punctures, drawn as small circular dots, are 
free to move on the arc 83 \ { — 1} (subject to being distinct and ordered anticlockwise). 

The -equations are a standard consequence of a bubbling analysis argument, by consid- 
ering what happens when a subset of the free points converge together. The types of bubbles 
that appear are sketched in Figure fT3l 
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Figure 12. Two equivalent pictorial descriptions of $™. 





(^o,r) 



Figure 13. Two typical contributions to the Aoo -relations for $. 



9.9. «& lands in the Fukaya category of E for good V. 

Definition 9.8. For a Lagrangian L C B , denote by the curly letter C the geometric compo- 
sition with r , which is defined by the push-pull construction: 



^(^(i)nr) 



£ = LoT = 

= n E [(£ x r) n (pt x A B x E)] 
= {e e E : 3b e B with b e L and (6, e) 6 T} 

where 7t-q, 7Tb are the projections. The composition is transverse if the intersection in the 
second line is transverse, and is embedded if he on the resulting intersection is injective. 

Definition 9.9. CallT good if for all monotone orientable Lagrangians L C B, the composite 
C = LoT is transverse and embedded (so C is an orientable Lagrangian). Call a good T very 
good if for all such L C B, the composed Lagrangian C = L o T is monotone. 



Lemma 9.10. If the projection tt-. 



B is a smooth fibre bundle and tte '■ T — > E is 



injective, then T is good. If tti(T) — > tti(B x E) has torsion kernel, then T is monotone. 

Proof. 7Tg being a smooth fiber bundle is equivalent to 7Tg- being a surjective submersion. 
Surjectivity of aVg : TV — > TB implies transverseness. Injcctivity of tte on T implies embed- 
dedness. For the final claim, consider the long exact sequence for the pair T C B x E: 



n 2 {B x£)4 tt 2 {b x e, r) 7n(r) n(B x e). 
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By assumption ker/3 is torsion, so also coker7 ~ ima ~ kcr/3 is. So 7 is surjective modulo 
torsion. Torsion does not affect Maslov indices as the Maslov index is additive on relative TT2 ■ 
So it suffices to verify monotonicity on spheres in B x E (discs mapping the boundary to a 
point in T). So monotonicity of T follows from the monotonicity of B x E (recall liO]) . □ 

Example 9.11 (Coisotropic Submanifolds) . Let C CLE be a closed coisotropic submanifold. 
Then TC" is an integrable distribution by |21[ Lemma 5.33], so C is foliated by isotropic 
leaves. Assume C is regular: the leaves are connected compact submanifolds of C . Denote 
by Q the quotient ttq : C — > Q = Cj ~, identifying points lying on the same leaf. Then 
T[ C ]Q = r c C/T c C w and Q inherits a symplectic form ujq which is natural in the sense that 
tTqUJq = U)\c [211 Lemma 5.35]. Also C naturally gives rise to a Lagrangian submanifold 

T = {{tt q {c),c) : c £ C} cQ x E, 

where Q is Q with the symplectic form —ujq. By construction L C Q x E is good, and 
QZ)Lt-^CdEis the map which takes the union of leaves corresponding to points in L. 

Lemma 9.12. Let C C E be a regular coisotropic with reduction Q as above. Suppose (Q, ojq) 
is monotone. By rescaling, assume Xq = Xe, so also Q x E is monotone with Xq xE = Xe- 
Assume further that 7Tx(C) — > n\{E) has torsion kernel. Then V is monotone and very good. 

Proof. Since T = C, (ttq(c), c) i-> c, the map ni{C) — > tti{E) can be identified with 7Ti(r) — > 
ni(B x E). So monotonicity of T follows by Lemma \9. 101 

Suppose L C Q is a monotone Lagrangian. We now verify monotonicity for a disc u : 
(D, dD) —> (E, C). Consider a neighbourhood v of C C E. We can assume v retracts onto C 
(so C C C is fixed) and dv intersects u transversely along some circles. The concatenation 
of these circles is trivial in tti(E) since it is nomotopic to u(<9B), which has a null-homotopy 
it(O) in E. Since 7Ti(C) — > tti(E) has torsion kernel, we can assume the concatenation is null- 
homotopic in v (it suffices to verify monotonicity on a multiple of the class [u] € iT2{E,C)). 
By adding and subtracting the null-homotopy, we can assume u is a gluing of a disc (D, dD) — > 
{v, C) and some spheres in E. For spheres monotonicity follows from monotonicity of E, so 
we can now assume it(O) C v. By retracting v we can assume u : (D, 9D) — > (C, C). 

So u induces (ttq ou,u) : (B, c©) — > (Q x E, F) where u is u composed with an orientation 
reversing isomorphism of D. By additivity for Maslov indices, [i(itq ott,u) = /k(7Tq ou) + n{u), 
and for areas: J(t^q ° u, u)*{uj-q © cj) = J(t^q ° u)*ujq + J u*u. But F, L are monotone with 

= Xl = 1/(2A^) (see !3.2p so monotonicity of C with A^ = 1/(2Xe) follows. □ 

Lemma 9.13. // 7r-g- : T — > B is a smooth fibre bundle and tte : T —¥ E is infective, then T 
arises by reduction from the coisotropic submanifold C = 7t_e(F) C E. 

Proof. Define ttc '■ C — >• B so that ttc ° tte = K-g. So T = {(ttc(c),c) : c G C}. Via the 
diffcomorphism tie '■ T — > C any c\ £ TC gives rise to a unique 61 = dirc(ci) £ TB with 
(61, ci) £ TV. Since V is Lagrangian, uie {01,02) = w_b(6i,62). To prove that C is coisotropic, 
it remains to show that TC UJE = keidirc, and since the inclusion TC UE D kerd7rc is clear 
it suffices to compare their real dimensions. Via the diffcomorphism, kerd7rc = kerc?7r-g-|r- 
Since 7r-g-|r is a fiber bundle, dim kerd7r-g|r = dimT — dim_B. Finally: rank TC" = rankTi? — 
rank TC = dim_B — dimT. Thus the dimensions agree since dimT = ^{dimE + dimB). □ 

Remark 9.14 (Monotonicity assumptions). We discuss in detail in \9.10\ that the next Lemma 
makes sense when mo(Lo) = "^o(^i) because then also mo{£o) — mo(£i). In particular, we 
ensure that B,E have the same monotonicity constant Xe by rescaling ujb to ^-wg. 

Lemma 9.15. For good T, HF*{<f>{L ), = HF*{L Q ,Li). 
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Figure 14. Strip-shrinking identifies home($(Lo),$(Li)) = home(Co,Ci). 

Sketch Proof. This is a standard consequence of the "strip-shrinking" theorem of Wehrheim- 
Woodward [37] , but we include a sketch of the key ideas of the proof for the convenience 
of the reader. Consider the first quilt in Figure HU Recall that the generators of the Floer 
chain group for HF*(&(Lo), $(Li)) are constant such quilts, and the differential is defined 
by counting the 1-dimensional moduli spaces (modulo R-translation) of such quilts. Consider 
shrinking the width of the strips mapping into B (so we are deforming the domain of the 
quilt maps). A standard parametrized moduli space argument shows that the Floer chain 
groups change by a quasi-isomorphism if we change the width. Wehrhcim- Woodward show 
that when the width is very small, the quilt maps become approximately constant on the thin 
strips. An implicit function theorem argument then shows that there is a bijection between 
the quilt maps for small width and the second type of quilt maps in Figure Q3] where the pair 
of seams Li and T are replaced by the composite seam Li o T = Ci. Therefore, the generators 
can be canonically identified, and under this identification the Floer differentials agree. So 
the Floer cohomologies are isomorphic. □ 

The Lemma proves homjr^^ ($(Lo), &(Li)) = homjr^ (£ , and for generalized 
correspondences of type (pt,£) the /i^ ^ are defined exactly like the maps. Thus 

Lemma 9.16. $ lands in a full subcategory of J- gcn (E) which is quasi- equivalent to J-(E). 
Proof. By shrinking one strip at a time in the proof of the previous Lemma, defines 

HF*(C,C) = HF*((L,T)X) ~ HF*((L, T), (L, T)) 
e c - [/"*"] - e (L,r) j 

where e arc identity elements. Similarly, one obtains [f^] £ HF* (£, (L,T)). A gluing 
argument for quilts and a strip-shrinking argument shows that /■*"" o f~* = ec ° ec = ec on 
cohomology, and similarly f^of^~ = e^ L ^y So C and (L, T) are quasi-isomorphic in J r gen (S). 

Consider the two full subcategories T(E),£' of F gen {E) generated respectively by all ob- 
jects C = L o r and (L,T). Since each L is quasi-isomorphic to (L,T), the inclusions 
T(E) — s- F gen (E) and £' — > F &en _(E) are quasi- equivalences of ^loo-categories (Seidel [29j 
Sec. 10a]). Therefore F(E),£' are quasi- equivalent, and the claim follows. □ 

9.10. Additivity of the 7«o-values. We will assume B, E have the same monotonicity con- 
stant Xe by rescaling wg to xf^-B- F° r good T, we always abbreviate £ = L oT (scc[979|). 

Lemma 9.17. For very good T, if Lq, . . . , L n C B are monotone oriented with equal mo- 
values then the Co, . . . ,C n C E are monotone oriented with equal mo-values, indeed: 

m (L o T) = m (L) + m (r). 

Sketch proof. The Lemma is a consequence of the strip-shrinking theorem of Wehrheim- 
Woodward [37J Rmk. 5.4.2(b)]. We sketch the argument. Consider the Floer chain complex 
CF*{L 1 ,T,T T ,Ll) of the cyclic correspondence (L u T, T T , L\) : pt -> B -> E -> B -> pt. 
Note the Lagrangians are monotone and orientable, and the symplectic manifolds B, E are 
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monotone with the same monotonicity constant Xe- Consider the Floor differential d: the 
obstruction to d 2 = are disc bubbles of Maslov index 2 fscc 13. 7[) . giving rise to: 

d 2 = (mo(Li) + m (r) - m (T) - m (L 2 )) Id = (m (Li) - m (L 2 ))Id. 

If Li,L 2 have the same m -values then d 2 = so HF*(Li,T, T T , L 2 ) = HF*((Li,T), (L 2 ,T)) 
is well-defined. By strip-shrinking the pair (L\, T) (see the proof of Lemma r9.15j) . one deduces 
that d 2 = also for the cyclic correspondence (£i,r T , L 2 ) : pt — > E — > — > pt, and strip- 
shrinking (i 2 , T) we obtain <9 2 = for (£i, £f ) : pt -> E 1 — s- _E — s- pt. Thus: 

m (£i) - m (r) - m (L 2 ) = 0, m (£i) - m (C 2 ) = 0. 

Remark. Our mo(L) is defined over the Novikov ring, whereas in }37| Thm. 5.4.1] i/ie notation 
w(L) refers to the same Maslov 2 disc count over the integers. The two are related by: 
mo(L) = w(L)t 2XL = w(L)i 1 / As since this lies in grading 2 fsee \3.2\) □ 

Corollary 9.18. For very good T, the functor $ = $r • F(B) — > F{E) respects mo-values: 

$ T :H B )\^H E )\+m (T). 

So $r can only be non-zero on summands with A € Spec(ci (TB) * • : QH*{B) — > QH*(B)) 
and A + m (T) g Spec(ci(TE) * • : QH*(E) -> QH*(E)) (compare Lemma\E3>. 

9.11. Using local systems. Recall from section[7]the construction of the (wrapped) Fukaya 
category with local systems. We now briefly explain why our results for W(E) will hold also 
for W{E). 

Inserting local systems of coefficients does not affect the moduli spaces of solutions that 
we want to count, it only changes the weight with which we count solutions. So it suffices 
to show that the counts are consistent with breaking. Just as for 0, the key observation is 
that once the asymptotic data is chosen and we consider any family of solutions with that 
asymptotic data, then the total weight associated with solutions in the family is constant, 
even for broken solutions arising in the boundary strata of the family. This is because by 
(2) in 17.21 the weight is constant along a 1-family of paths with fixed ends, and by (3) this 
holds even if the path breaks (the weight of a concatenation of paths equals the product of 
the weights for the components of the broken path). 

Finally, consider the new functor $ : B — > £_ , where for now £_ is the generalized Fukaya 
category for E with local systems. For simplicity, we will not put a local system on T (one can 
easily do this as well). The Lagrangian boundary conditions along the outermost seams of 
the quilt domains involved in $ are always objects Li E Ob(B_), so it suffices to keep track of 
the local systems on the Li. So we only need to comment on !9.91 when we compose £ = Lo T. 

We now assume T is good. Then a local system on L induces one on T by pulling back via 
the projection ?Tg : T — > B. Since tte '■ 7T^- (L) n T — > £ is injective, we can uniquely lift to V 
any paths and homotopies in £, so the local system on T induces one on £ (equivalently, we are 
taking the direct image of sheaves) . We need to show that this canonical choice is compatible 
with strip-shrinking. Suppose a quilt map u has a seam condition (u-g^), ue("j)) g T, where 
7 is a path on the quilt, then in the limit of strip-shrinking one obtains (u;§"(7), ue("/)) € 
(Li, Li) D r for some Lagrangian Li (after subdividing the arc 7 according to the Lagrangian 
targets). By construction, bejue^)] = br[(u^(j), 1^(7))] = &L i [u^-(7)]. So the parallel 
transports equal in Aq . Thus, after strip-shrinking, we obtain 4> : B — > F(E), which on 
objects is given by 

(L,A L ) ^ (£, (tte)^)*^) ee (£, A £ ) 
and Lemma EM becomes: HF_* ( ( (L , A Lo ) , T) , ( (L l , A Ll ) , T) ) HF_* ( (£ , A £o ) , (£1 , A £l ) ) . 
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9.12. Bimodule structure for £ over £. We now continue with £ = J r gen (£'), without 
local systems, and we do not assume that T is good. 

The bimodule maps /x^ for £ arc analogous to those for B: in Figure |3] replace B by E, 
and replace Li , L'j by Lagrangian correspondences L^ , Lj involving any monotone symplectic 

manifolds Mq = pt, Mi, . . . , E. The A^-relations for [/J s are proved just as for B (in Figure 
[3] make the analogous replacements). 

9.13. Bimodule structure for £ over B. By Lemma \2.2l the functor $ : B — > £ induces 
a change of rings which turns £ into a B- bimodule £ . Recall that the new composition maps 
yU- s involve composing the fi r J s maps with several $ d maps, see Figures [T"5l and IT51 




Figure 15. A contribution ^ 1 o ($ fc2 $ fel ® id <g) to /i~ s (before gluing). 



9.14. Bimodule morphism f : B — s- £. Define 

: B(L r , . . . ,Lo) ® B(L , ^o) ® • • • , L' a ) -> £ (L r , Z^) = £(*(X r ), $(L'J) 
by counting quilt maps as shown in Figure 1171 

9.15. The induced homomorphism HH,(8) — > HH,(f). By Corollary |2.41 the morphism 
/ : B — > £ of £>-bimodulcs together with the functor <f> : £> — > £ induce a homomorphism 

HH,(/) : HH»(B) -> HH*(B,£) -> HH*(£). 

9.16. The open-closed string map OC^- By mimicking 15.31 Figure HJ define 

OC^ :HH*(£) ^ JfF*(Jf s ). 

As in 19.121 one replaces the Li in Figure 2] by Lagrangian correspondences L { . The fact that 
c(s) is decreasing ensures a maximum principle p,12[) prohibiting solutions from escaping to 
infinity (the radial coordinate is bounded by the maximum that the radial coordinate attains 
on the (compact!) Lagrangian correspondences or on the Hamiltonian orbit at s = -co). 
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Figure 16. On top: two equivalent ways of viewing the new compositions 
[i~ a (after gluing). On bottom: the ^loo-relations for [i~ s . 




Figure 17. Top: f r \ s in two equivalent ways. Below: Aoc-relations for /. 



9.17. The deformed morphism HH*(fr j7 ) : HH»(S) — » HH»(£). So far, we have defined an 
Aoo-functor <f>r : B — >• £, and a morphism HH,(/r) : HH*(S) — ^ HH»(£) where we emphasize 
the dependence on T. We now deform fr to /r, 7 depending on a class 7 in HF*(T,T) in 
analogy with Subsection 19.41 

Fix a cycle 7 representing a Poincare dual class in H*(T). Introduce a new fixed marked 
point p 7 on the seam T in Figure 1171 We impose the new condition that the quilt maps u 
must intersect 7 at the new marked point (after folding u near p 7 to obtain a local map into 
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B x E). More precisely, we have an evaluation map ev p ^ denned on each moduli space of 
such quilt maps (having imposed boundary conditions, and having fixed a homology class of 
such maps). We pick 7 gencrically so that ev p ^ is transverse to it, and finally we consider 
(evpj -1 ^). The map 

: B(L r , . . . , L ) ® B(L , L' ) ® B(L' , . . -,L' S ) -> £(L r , L' s ) = S($(L r ), $(L' S )) 

counts the resulting zero dimensional components. 

We emphasize that the marked point p 1 is fixed, so the Aoo-relations and the compatibility 
with the (undeformed) bimodule structure continue to hold and are proven in exactly the 
same manner. The original map / is given by /r,[ri- 

9.18. The first commutative diagram. 

Theorem 9.19. There is a commutative diagram 

HH,(/r, 7 ) 



HH* (B) 



HH* (B, £) 



oc f 



HF*(H B ) 



H'iqr,-,) 



OCf 



HF*(H ) 



tautological 



identity 



HH*(£) 

OCe 

HF*(H E ) 



using the tautological map from Lemma \ 2.2l and the map OC E : CC„ (£>,£) 
defined by counting quilts shown on the left in Figure [7ffl 



CF*(H E ) 



Proof. Consider the square on the left in the diagram. The composite qr, 7 ° OC^ is shown 
on the left in Figure [TH] (after gluing). Observe this is equivalent to the quilt on the right. 






















B 
















Figure 18. Two equivalent descriptions of qr l7 ° OCg, OCe /r,7 after homotopy. 



Now consider the disc on the right in Figure 1181 except we make a hyperbolic translation 
of the seam-circle: we assume it is a hyperbolic circle, whose hyperbolic centre is the interior 
puncture * which we allow to freely move on the geodesic joining —1,0, and we fix the 
boundary point p 7 to lie at z = 1/2. If * is at we get precisely the quilt on the right in 
Figure [18] In a 1-family with fixed auxiliary data, if * converges to — 1 then we obtain the 
broken configuration on the right in Figure 1191 

There are other possible degenerations in the above two cases. Let ip be the count of isolated 
configurations shown in Figure 1181 In a 1-family, when a subset of the boundary punctures 
converge together, we get contributions to ip o b where b is the bar differential for CC*(Z5), 
and when a Floer cylinder breaks off at the puncture * we get contributions to dcF*(H B ) V- 
So the difference at the chain level between the two composites in the left square is counted 
by <p o b — dcF*(H E ) fi so the composites agree on homology, and the square commutes. 

Now consider the right square in the diagram. The composite of the tautological map and 
the OC_e map is precisely the count of quilt maps shown in Figure fT5l except we replace the 
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FIGURE 19. Left: OC E . Right: a contribution to OCe ° fr,-/ (before gluing). 



output dash at —1 by an interior puncture * at z = 0. So the proof that the square on the 
right commutes is analogous to the proof of the A^-equations for the functor $ shown in 
Figure [T3] (except that Figure is rotated by 180° so that the output dash at —1 becomes our 
input dash at +1 and we have additionally an interior puncture * at z = 1/2 or 0). □ 

9.19. The second commutative diagram. 

Theorem 9.20. For very good T ( Definition 1 9 . 9]) . and choosing Ec£ large enough so that 
r C B x E ln , there is a commutative diagram 



HH,(B) 



HH,(/ r , 



HH«(£ in ) 



OC E 



OC f 



HF*{H l 



ff*(9r, 7 ) 



HF*(H E ) 



HH.(W(S)) 

OC E 

-^SH*(E) 



where £ ln is the full subcategory of F(E) generated by the objects L C E m . In particular, c* 
is a ring homomorphism; HH»(.4) 7 OCb, OCe are QH* -module maps; and the second OCe 
is an SH* -module map. 

Proof. Consider the diagram from 19.181 We can replace £ = J- gcn (E) by £ ln by Lemma [9.161 
since L is very good and C C E lu when L C B x E ln (which we achieve by replacing S by 
(R = large constant) to make £" n large enough). In particular, we use that the F(E), £' of the 
proof of Lemma inHU have isomorphic HH» since they are quasi-equivalent Aoo-categorics (the 
Aoo-analogue of Morita equivalence). Moreover, a strip-shrinking argument as in 19.151 shows 
that the OCb maps on cohomology commute with the isomorphism HH*(F(E)) = HH»(£'). 
This yields the left square and proves that it commutes. The square on the right commutes 
by Theorem [OJ □ 

10. Towards Applications 

10.1. Negative line bundles. Our main intended application of Theorem 1 1.1 1 is to negative 
line bundles. A general treatment is given in the sequel [27] . but here we indicate why the 
situation is more delicate than one might at first suspect. A complex line bundle tt : E — > B 
over a closed symplcctic manifold (B,ujb) is negative if 

c\(E) = — k[u)B] for some real k > 0. 

By convention, c\(E) will always mean the first Chern class of the line bundle E, whereas 
Ci (TE) denotes the first Chern class of the total space E. 

We remark that a symplectic manifold (B, wb) admits a Hermitian line bundle E — ?> B with 
a connection with curvature form —ku!s if and only if — fc[cjs] is in the image of H 2 (X; Z) — > 
H 2 (X;M.) (the map induced by the exact sequence 0-^Z^IR^5 1 ^0). 
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As explained for example in [35] (taking e = it in [551 Sec. 7. 2]), the negativity condition 
ensures that there is a symplectic form uonfi such that 

w|fibrc=C = W C 
w|base=B = kid B , 

so [ui] = k[ojs] via H 2 (E) = H 2 (B). It is shown carefully in [26] that E is a symplectic 
manifold conical at infinity (sce !3.1[) . and the contact hypersurface £ can be chosen to be any 
sphere subbundle of E. The Reeb flow is given by the ^-rotation in the fibres. 
We always assume that we are in the monotone setting: 

d{TE){A) = \ E [u](A), yA G 7T2 (E) someA s >0 

This is equivalent, via Xb = k(l + \e), to the condition that B is monotone with 

d(TB)(A) = \ B [td B ](A), MA G 7r 2 (B), where < fc < \ B . 

Recall B x E means B x E with symplectic form — ^usffiw, so B x £ is monotone. 

Lemma 10.1. Let T C B x E be the S 1 -bundle over the diagonal Ab C B x B which fibrewise 
is the circle of radius 1/vvtXe. Then T is monotone and very good (Definition \9.9\) . 

Proof. Apply Exanrplc l9.11l to the coisotropic submanifold C = SE C E given by the sphere 
subbundle of radius rc- Then r C B x E is the S^-bundle over which fibrewise is the 
circle of radius rc- Also lu\c = (1 + nr c )kTr*idB, and via the projection it we may identify 
(Q, ujq) = (B 7 (I + irr^kids)- To make Q x E monotone, we want Xb/Xe = (1 + 7rr c )k, so 
choose rc so that nr^ = j^. Finally, we check iri(SE) — > tti(E) has torsion kernel, so the 
claim will follow by Lemma \9. 121 The S' 1 -fibration tt : SE —> B yields 

-> tt 2 (SE) -> tt 2 (B) miS 1 ) A m(SE) ^ m(B). 

The map e* is in fact evaluation by the Euler class of E after identifying 7Ti(S' 1 ) = Z (this can 
be checked by comparing the Gysin sequence for f*SE and the long exact sequence for the 
pair (f*E\0) C f*E, for any sphere / : S 2 -> B). In our case, e(E) = a(E) = -k[u B ] ^ G 
H 2 (B), so cokere* = imj* = ker7r* is torsion. Finally, ni(SE) — > ni(E) has torsion kernel 
since the composite tti(SE) — > iri(E) — > ni(B) has torsion kernel ker7r*. □ 

For our V, in Theorem 19. II we obtain Qr = since [T] — (a homology is given by the disc 
bundle over A B ). So instead we wish to use the Qr,j map of 19. 41 for the class 

7 = PD Floer (l) 

using the Poincarc duality HF°(T,T) ^ HF dimr (T, T). 

It turns out that the lowest-order t term in Qr n (l) counts the standard Maslov 2 disc in a 
reference fibre C of E bounding the circle S* 1 in the sphere bundle of radius 1/^/ttXe- Thus: 

Qr, 7 (l) = t 2Xr cid^ mc B + higher order t 

where c ^ is a normalization constant: PDs[pt] = c[id B imcB ]. 

Suppose that the base B has the property that OCb : HIL(6>) — > QH*(B) hits an invert- 
ible. Since OCb is a QH* (B)-modu\c map, it also hits 1. Thus if we could verify that Qr,7(l) 
is invertible, then the diagram of Theorem 19.201 would imply that OCe ■ HH*($(5)) — > 
SH*(E) hits an invertible. This in turn implies by Theorem 18.31 that $(5) split-generates 
W(E). A posteriori, we would also deduce that $(5) split-generates F{E) since the objects 
of $(5) are all closed Lagrangians lying inside a sphere bundle. 

In the sequel to this paper, we will investigate when it is possible to verify the condition that 
Qr n (l) is an invertible. The case of negative line bundles lends itself well to this investigation 
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since we have a good understanding of the invertible elements of SH*(E) by the following 
Theorem. 

Theorem 10.2 (Rittcr |26] ) ■ There is an isomorphism of algebras 

SH*(E) = QH*(E)/keir n 

where r : QH*(E) — > QH* +2 (E) is quantum product by tt*c\(E), and n > rank H*(B). 
Moreover, the action of r descends to an automorphism 

K = quantum product by tt* Ci (E) : SH*(E) -> SH* +2 (E). 

Remark. Since E is monotone and [ui] = kn*[u)B]> all the classes [u>], c\{TE), n*Ci(E), 
■n*c\{TB), 7t*[u;b] are non-zero real multiples of each other. 

Remark. Typically one cannot compute SH* unless the relevant moduli spaces of solutions 
to the Floer equation are empty, because one can rarely solve the Floer equation explicitly for 
a generic almost complex structure. In the case of negative line bundles the relevant counts 
of moduli spaces can be rephrased in terms of Gromov- Witten invariants involving explicit 
obstruction classes, which can be computed by algebro- geometric techniques. 

10.2. A sobering example. Consider the negative line bundles 0(— k) — > P m . These are 
monotone whenever 1 < k < m. In the case 1 < k < m/2, we can compute QH* and SH*: 

Theorem 10.3 (Rittcr [26 ). Let E = Tot(0(-fc) P m ) with 1 < k < f . Then QH*(E) 
and SH*(E) are generated over A by w = it*[ujb ] £ QH*(E) subject ic00 

w k (w 1+m - k - (-k) k t k ) = in QH*(E), 
w i+ m -k _ (_ fc )fc t fe = o in SH*(E). 

For ?r < k < m, w 1+m — (—k) k t k w k + (lower order w terms)= in QH*(E). 

Recall that QH*(P rn ) ^ A[ w ]/(w 1+m - T), w pm i-> w, where T is the Novikov variable 
for B = P TO . So the eigenvalues of ci(TB) * ■ on QH*(B) are (1 + m)-th roots of unity 
(up to a fixed constant factor). On the other hand, for E = Op™(—k) the above calculation 
shows that the eigenvalues of Ci {TE) * • on QH* (E) are (1 + in — k)-th roots of unity (up to a 
constant factor). By the additivity formula in Lemma f9. 171 and Corollarv l9.18l the functor $r 
translates mo values by mo(T). In general, therefore, one would expect $r to be non-trivial 
on at most one summand !F{B)\; in many cases one sees that V induces the zero functor. 

A toric viewpoint gives another insight into the inadequacy of the functor defined by 
the correspondence T. Consider E = O(-k) — > P m as a toric variety. Its fan has edges 
in Z m+1 given by (bx, 0), . . . , (b m , 0), (b m +i, k) where bi are the edges for the fan for P m : 
h = (1,0,..., 0), b m = (0,...,0,1), b m+1 = (-1,...,-1). The moment polytope for P m 
is given by {y G R m : y\ > 0, . . . , y m > 0, Vj — 1}) an d t ne polytope for E is 

m 

{y e M m+1 : Vx > 0, . . . , y m > 0, ^ Vj - ky m+1 < k}. 

i=i 

The Landau-Ginzburg supcrpotential associated to this polytope is 

W E = zx -\ \-z m + t k z^ 1 ■ ■ • z m x z m+1 + z m+1 . 



^There is a sign (— l) fc— 1 missing in version 1 of |26| . which will be corrected in revision 2. The sign arises 
in Theorem 63: A a = (— l) n— 1 n 2 T a ,n- This is because, within the proof, Aoti + Botj should be — (Aoti + Bctj) 
because the duality sign on the H° reverses the sign of the weights. 

2 The t k used in this paper corresponds to the i used in [26]. In [26], t = [P 1 ] £ _ff 2 (P m ,Z). But in the 
conventions of this paper, this variable comes with a power of the area /ppii = k. 



4« 



ALEXANDER F. RITTER AND IVAN SMITH 



The critical points of We are the following: for each solution w of w 1+m k = (—k) k t k , there 
is one critical point: 

■Zcrit = (W,...,W, -kw) Wfi^crit) = (1 + m - k) W. 

The Jacobian ring Jac(W.E) = Afz^ 1 , . . . , z^ l 1 +1 ]/(d Zl WE, • ■ • , d Zm+1 WE) has rank 1 + m — k: 

Jac(Wfi) = A[w]/(w 1+m - k - (-k) k t k ) 

which coincides with SH*{E) for 1 < k < m/2, via We = (1 + m — k)w M> c\(TE) (viewing 
SH*{E) as a quotient of QH*(E) by Theorem I10.2[) . This is surprising since, for closed toric 
Fano varieties, the Jacobian ring coincides with quantum cohomology. 

Now J°(B) is generated by the Lagrangian toric fibre L C rit over the barycentre of the 
polytopc for B — P Tn , taken with finitely many appropriate local systems, with one local 
system for each eigenvalue of ci (TB) (corresponding to the m value) . These local systems 
on the monotone torus L C rit arise precisely as the critical points of the superpotential for B, 

which is Wb = Z\ H + z m + Tz^ 1 ■ ■ ■ z~} . A calculation shows that the lift £ cr it of L cr it 

to the sphere bundle in E = 0j>m(— k) is a monotone Lagrangian toric fibre of E and that 
the critical points of We are precisely £ cr it with finitely many local systems. The mo-values 
for £ crit with these local systems are precisely the critical values WE(z cr it) above, so they 
exhaust all non-zero eigenvalues of C\(TE) * ■. However, the naive lift of L CTlt with its local 
systems to the sphere bundle would be £ C rit with local systems which necessarily are trivial 
in the last factor. The holonomies are not being lifted correctly by the functor $r as written, 
and this is consistent with the issue of the additivity of the mo-values mentioned above. 

Remark 10.4. Bulk deformations of the compact category F{B) have been studied systemat- 
ically by Fukaya, Oh, Ohta and Ono |17j . who show amongst numerous other results that bulk 
deformations give rise to a versal deformation of the mirror Landau- Ginzburg superpotential; 
in particular, they provide at least a partial remedy for the mismatch of QH* -eigenvalues 
highlighted above. 

10.3. Morse-Bott degenerations. Finally, we point out another interesting class of exam- 
ples where the diagram of Thcorcm l9.20l applics. These examples arise when a quasi-projective 
variety P is the total space of a Morse-Bott degeneration to Eq such that B = Sing(-Eo) is 
closed and monotone. Recall this means that there is a Lcfschctz fibration p : P —> D 
with singular fibre Eg such that the Hessian of 7r is non-degenerate on the normal bundle of 
B = Sing(i?o) C P. This ensures that there is a Lagrangian correspondence in B x E where 
E is a generic smooth fibre of p : P — > D, since the vanishing cycle of the degeneration is 
an S lfe -bundle over B, which embeds as a coisotropic submanifold in E. These spaces were 
studied by Perutz [22j Def.2.1]. 
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